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LOCAL WELL-POSEDNESS AND BREAK-DOWN CRITERION OF THE 
INCOMPRESSIBLE EULER EQUATIONS WITH FREE BOUNDARY 


CHAO WANG, ZHIFEI ZHANG, WEIREN ZHAO, AND YUNRUI ZHENG 

Abstract. In this paper, we prove the local well-posedness of the free boundary 
problem for the incompressible Euler equations in low regularity Sobolev spaces, 
in which the velocity is a Lipschtiz function and the free surface belongs to C 2 +®. 
Moreover, we also present a Beale-Kato-Majda type break-down criterion of smooth 
solution in terms of the mean curvature of the free surface, the gradient of the 
velocity and Taylor sign condition. 


1. Introduction 


1.1. Presentation of the problem. In this paper, we consider the motion of an 
ideal incompressible gravity fluid in a domain with free boundary of finite depth 

{{t,x,y) G [0,T] X R"* X R : (x,y) G Qj}, 

where Qj is the fluid domain at time t located by 

Qi = {(x, y) G R'^ X R : b{x) < y < rj{t, x )}. 

The motion of the fluid is described by the incompressible Euler equation 


dtv+ v-Vx^yV =-ged+i-Vx,yP in Qj, t > 0, (1.1) 

where —gcd+i = —<?(0, • • • ,0,1) denotes the acceleration of gravity, v = (u^, 
denotes the velocity field, and P denotes the pressure. The incompressibility of the 
fluid is expressed by 

divu = 0 in Qj, t >0. (1-2) 

Assume that no fluid particles are transported across the surface. At the bottom, 
this is given by 


Vn\y=b{X) 


:= n_ • u 


V=b(X) 


= 0 for t > 0, X G R“ 


(1.3) 


where n_ := , ^ (Vy&, —1)^ denotes the outward normal vector to the lower 

boundary of Qt. At the free surface, the boundary condition is kinematic and is given 
by 

dtg - ■\/TTWWvn\y=y(t,x) =0 for t > 0,x G R'^, (1.4) 

= (—Vr/, 1)^ denoting the outward 


where = n+ • with n+ := 

normal vector to the free surface In general, the pressure at the free surface is 
proportional to the mean curvature of the free surface, i.e., 

Vr/ 


where k > 0 is the surface tension coefficient. 


for t > 0, X G R , 


(1.5) 
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In this paper, we consider the case without surface tension. Furthermore, we 
assume that the bottom is flat(i.e., b{x) = —1) in order to simplify our presentation. 
We also take the gravity constant g = 1- 


1.2. Some known results. Let us first review some known results concerning the 
water-wave equations without vorticity. In the case when the surface tension is ne¬ 
glected and the motion of free surface is a small perturbation of still water, one could 
check Nalimov [28], Yosihara [38] and Craig [17] for the well-posedness of 2-D water- 
wave equations. In general, the local well-posedness of the water-wave equations of 
infinite depth without surface tension was solved by Wu [33, 34], where she showed 
that the Taylor sign condition 


dp I 

9n 


> Co > 0 


( 1 . 6 ) 


always holds as long as the free surface is no self-intersection. In [6, 7], Ambrose and 
Masmoudi present a different proof. Lannes [23] first solves the water-wave equations 
of finite depth without surface tension in the framework of the Eulerian coordinates. 
Ming and Zhang [27] generalize Cannes’s result to the case with surface tension. In 
a series of works [1, 2, 3], Alazard, Burq and Zuily use the tools of paradifferential 
operators and Strichartz estimates to prove the local well-posedness of the water-wave 
equations in low regularity Sobolev spaces. 

For small initial data, Wu [35] first proved the almost global well-posedness of 2- 
D water-wave equations. Wu [36] and Germain, Masmoudi and Shatah [19] proved 
the global well-posedness of 3-D water-wave equations by using different method. 
Recently, Alarzard and Delort [5] and lonescu and Pusateri [25] independently proved 
the global well-posedness of 2-D water-wave equations, see also [21, 22] for a new 
proof based on the holomorphic coordinates. On the other hand, Castro, Cordoba, 
Ferferman, Gancedo and Lopez-Fernandez [11] showed that there exists smooth initial 
data for the water-waves equations such that the solution overturns in finite time. 
See [12, 16] for the formation of the splash singularity. Wu [37] also construct a class 
of self-similar solution for the 2-D water-wave equations without the gravity. 

Now, we review some well-posedness results for the rotational water-wave equa¬ 
tions. Christodoulou and Lindblad [14] presented the a priori estimates of the incom¬ 
pressible Euler equations in a free domain diffeomorphic to a ball. Later, Lindblad 
[26] proved the local existence of smooth solution by using Nash-Moser iteration. 
Coutand and Shkoller [15] proved the local well-posedness of the incompressible Eu¬ 
ler equations in both cases with surface tension and without surface tension by using 
the lagrangian coordinates and a subtle mollification procedure. Zhang and Zhang 
[39] solves the incompressible Euler equations without surface tension by using the 
framework of Clifford analysis introduced by Wu [34]. Shatah and Zeng [29, 30, 31] 
solve this problem by deriving the evolution equations of geometry quantities, espe¬ 
cially the mean curvature. 

In this paper, we will first prove the local well-posedness of the rotational water- 
wave problem in low regularity Sobolev spaces, and then present a break-down cri¬ 
terion to the obtained smooth solution in terms of physical quantity and geometrical 
quantity. This work was motivated by Craig and Wayne’s question proposed in [18]: 

“How do solutions break down?” 

There are several versions of this question, including “ What is the lowest expo¬ 
nent of a Sobolev space in which one can produce an existence theorem local in 
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time?” Or one could ask “For which a is it true that, if one knows a priori that 
sup[_ 7 i 2 ’] ll(^)V')l|c“ < +00 and that {r]o,'4’o) £ C°°, then the solution is factC°° over 

the time interval [—T,T] ?” . It would be more satisfying to say that the solution 

fails to exist because the curvature of the surface has diverged at some point, or a 
related geometrical and(or) physical statement. 

In the case without the vorticity and surface tension, this question was solved by 
Alazard, Burq and Zuily for the low regularity well-posedness [3], and by Wang and 
Zhang for the break-down criterion [32], 


1.3. Main results. The first main result of this paper is the local well-posedness of 
the water-wave equations in Sobolev spaces with low regularity, where the regularity 
of the initial velocity is consistent with the classical local well-posedness result in 
j^d+i proved by Kato and Ponce [20]. 

Theorem 1.1. Let d > 1 and s > f+ 1- Assume that the initial data {r]o,VQ) satisfies 

Furthermore, assume that there exist two positive constants cq > 0 and ho > 0 such 
that 

-idyP){0,x,r]o{x)) > Co /orxGR'^, (1.7) 

1 -|- T]o{x) > ho for X G R'^. (1.8) 

Then there exists T > 0 such that the system (1.1)-(1.5) with the initial data {r]o,vo) 
has a unique solution (ry, v) satisfying 

ry G C([0,r];R^+i(R'')), u G C([0, Tj; (fl,)). 

Remark 1.2. The regularity of the initial velocity should be optimal by the recent 
strong ill-posedness result in the whole space proved by Bourgain and Li [10]. The 
regularity of the initial free surface could be further lowered by using the Strichartz 
type estimates, see [4] for the irrotational case. 


In a seminal paper [9], Beale, Kato and Majda showed that if u is a smooth solution 
of the incompressible Euler equations in [0, T) x R^ and satishes 

V X u(t)||^oo(R_3)dt < -1-00, 

then the solution can be extended after t = T. The second main result of this paper 
is a Beale-Kato-Majda type blow-up criterion for the free boundary problem of the 
incompressible Euler equations. 



Theorem 1.3. Let s > ^ -|- 1 so that s — ^ is an integer, and (ry, v, P) be the solution 
of the system (1.1)-(1.5) in [0,r] obtained in Theorem 1.1. If the solution {r],v,P) 
satisfies 


M{T) sup (||R(t)||LPnL 2 -F ||i^(i)||wi.o°(Ot)) < +oo, 
te[o,r] 


inf 

(t,x,j/)e[o,r]xSt 


dP, 


> Co, 


1 -|- ry(t, x) > ho for x G R'^, 
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for some p > 2d and cq > 0, /io > 0, then it holds that 

sup Es{t) < C{Es{0),M{T),T,co,ho), 
te[o,r] 

Especially, the solution {r],v) can be extended after t = T. Here H{t,x) is the mean 
curvature of the free surface and 

1.4. Main ideas. We denote by (V,B) the horizontal and vertical traces of the 
velocity on the free surface, i.e., 

Introduce a good unknown U = V+T(^B, where C = Vr/ and T<^ is Bony’s paraproduct. 
We can derive the following evolution equation for U: 

D^U + TaxU = f + U. (1.9) 

Here Dt = dt + Ty ■ V, Ta\ is an elliptic paradifferential operator of order one, and 
/oj is the nonlinear term induced by the vorticity. 

Compared with the irrotational case, a main difficulty is that f^^ lose one half 
derivative. More precisely, / £ but f^ G Our key observation is that 

Dtfuj has the same regularity as f^j, and ||/a;||H'’-i can be controlled by the lower 
order energy. By using the following trick 

{{Dy-hu., (Dy-'^DtU) =^^{{Dy-^f^, (Dyu) - {{Dy-^Otf^, {nyu) 

+ Lower order terms, 

we can obtain an energy inequality of the form 

E{t) < {{Dy-^f^, (Dyu) + E{0) + f V{E{t'))dt', ( 1 . 10 ) 

Jo 

where V is an increasing function. The term ft^, {D)‘^U') can be controlled by 

Here Ei{t) is a lower order energy, which satisfies 

Ei{t) < Ei{0) + [ V{E{ty)dt\ 

Jo 

This together with (1.10) gives a close estimate for E{t). 

Compared with the work [3], a new technical ingredient is that we introduce 
Chemin-Lerner type Besov spaces in the elliptic estimates such that we can obtain 
the maximal Holder regularity estimates, which play an important role in the proof 
of break-down criterion. Otherwise, if we just follow the framework of [3], it is pos¬ 
sible to establish a similar break-down criterion, where ||t’(t)||u/i.oo(Oi) is replaced by 
||u(t)||( 7 i,c«(Qj) for some a > 0. 

For the free boundary problem, it is highly non trivial to obtain the existence of the 
solution from a priori estimates. The main reason is that many special structures of 
the system are used in the process of a priori estimates, however it is usually difficult 
to keep these structures for the approximate system. 
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To construct the approximate system, an immediate idea is that we use the equation 
(1.9) of U to construct the approximate system for the unknowns defined on the 
free surface. However, we find that it is difficult to show that the limit system is 
equivalent to the original Euler system. Instead, we still use the first order system to 
construct the iteration scheme. In order to keep as more structures of the system as 
possible, a key idea is that more unknowns and new equations are introduced such 
that the structures are integrated into the new equations. The construction of the 
iteration scheme are very tricky, where we also used another important observation: 
the maximal regularity of the free surface is not needed for the estimate of the vorticity 
and the velocity, and it is just used in the estimate of the pressure. 

2. Tools of paradifferential operators 

In this section, we introduce some basic results about the paradifferential operators 
from [24] (see also [3]). 

2.1. Paradifferential operators. Let us first introduce the definition of the symbol 
with limited spatial smoothness. We denote by 1T^’°°(R'^) the usual Sobolev spaces 
for /c E N, and the Holder space with exponent k for k E (0,1). 

Definition 2.1. Given // E [0,1] and m E R, we denote hy r)[^(R'^) the space of 
locally bounded functions a(x,^) on R'^ x R'^\{0}, which are (7°° with respect to for 
f 0 and such that, for all a E and all f, 0, the function x —)• d^a{x,f,) belongs 
to and there exists a constant Ca such that 

115^a(-,0llw''.°° < Ca{l + for any 

The semi-norm of the symbol is defined by 

M;r(«)"= sup sup ll(l + l^l)H-™dfa 
|a|<3d/2+l+At \i\>l/2 

Especially, if a is a function independent of then 

AIJf‘(a) = JJajjvpj'.oo. 

Given a symbol a, the paradifferential operator Tq is defined by 

TauiO (271)"'^ j x{^ - h, 7)«(^ - V, r])fj{r])u{'q)dr], (2.1) 

where a{9, ff) is the Fourier transform of a with respect to the first variable; the 
X{0,i) E C°°(R'^xR‘^ ) is an admissible cut-off function: there exists £ 1,62 such that 
0 < £1 < £2 and 

X{e,r0 = l for 16'l<£ilr?l, x{0,h)=^ for > £ 2 lr?l, 

and such that for any {0, p) E R'^ x R'^, 

|9H^x(0,7)l<C„,^(l + l7l)-'“'-'^'- 

The cut-off function 'f’ijg) E C°°(R‘^) satisfies 

'f’iv) = 0 foi^ Ihl ^ 1; 'f’i'n) = 1 for Ihl ^ 2 . 

Here we will take the admissible cut-off function xiG^h) as follows 

CX> 

X{0,ri) = '^Ck-3{d)Tk{v), 

k=0 


l«l > 2- 

(•,0||vFM,oo. 
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where C(0) = 1 for |0| < 1.1 and C{G) = 0 for |0| > 1.9; and 

Ck{e) = c{2->^e) for kez, 

^0 = C, ^k = Ck- Cfe-1 for k>l. 

We also introduce the Littlewood-Paley operators /2^k,Sk defined by 

A^u = for A: > 0, = 0 for A; < 0, 

SkU = Aiu for k £ Z. 

£<k 

In the case when the function a depends only on the first variable x in TaU, we take 
V' = 1. Then TaU is just the usual Bony’s paraproduct defined by 


TaU = y~]5fc-3QAfcU. 
k 

(2.2) 

Furthermore, we have Bony’s decomposition: 


au = TaU + TuO + R{u, a), 

(2.3) 

where the remainder term R{u, a) is defined by 


R{u,a)= ^ AkuAiu. 

(2.4) 


\k-£\<2 

The following Berstein’s inequality will be repeatedly used. 

Lemma 2.2. Let 1 < p < q < oo, a € N'^. Then it holds that 

WSkuWL. < for kGN, 

\\Aku\\L<i < sup Wd^AkuWip fork>l. 

m=H 

2.2. Functional spaces. We introduce some functional spaces, which will be used 
throughout this paper. 


Definition 2.3. Let s G R and p,q £ [l,oo]. The inhomogeneous Besov space 
Bp (R!^) is defined by 


V {/ € 5'(R'') : II/IIbj, a (< oo}. 


In the case of p = g = 2, g(R“) is just the usual Sobolev space B^(R“); In the 


case of p = O' = oo, B® ^(R'’*) is the Zygmund space C'^(R'^) 

Let S = R'’* X L with I C R an interval. We introduce the Sobolev space H^{S) 
on S. When s is an integer, is just the usual Sobolev space. In general case, 

let k = [s] and a = s — k £ (0,1). The norm of B®(5) is defined by 

\^,zU{x,z) 


II def II 

, II + 


Kk 


\z — 


-dxdzdz‘ 


1 

A 2 


In order to obtain the optimal elliptic regularity, let us introduce Chemin-Lerner 
type Besov space B|(/; B® ,,(R'’*)), whose norm is defined by 

1 

_ def / \ ^ ofcsr II A f\\r 

Llil-MA - [2^\\^kJ\\Ll(I-LP)^ 
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In the case oip = r = oo, we denote it by L%{I] C'*(R'^)); In the case of p = g = r = 2, 
we have Ll{I; Bp = L^(/;When q = oo,p = r = 2, we denote it by 

L“(/; R^(R'^)). In this case, there holds 

\\f\\L-^{I-,H‘‘) < ll/IIZj°(7;H=)- 

This kind of space was firstly introduced by Chemin and Lerner [13] to study the 
incompressible Navier-Stokes equations. 

The following characterization of Sobolev space is very useful. 

Lemma 2.4. Let s G R and c > 0. Suppose that {uk}k&N is a sequence of functions 
in L2(R'^ ) such that (1)uq is spectrally supported in a ball {|,^| < c and Uk for k > 0 
is spectrally supported in an annulus {c2^ < j^j < c“^2^}; (2) {2^^\\uk\\L2}ke'N € 
Then u = Yhk and 

\\ u \\ h ‘> < C'f 

k 

In addition, for s > 0, it is sufficient to assume that Uk is spectrally supported in a 
ball {jCI < c-i2^}. 

We also introduce the anisotropic Sobolev space whose norm is given 

by 

We also have a similar characterization. 

Lemma 2.5. For any s, cr G R, we have 

^J22^^^2^^^\\AeA^u\\l2. 

Li 

Here Ab is the Littlewood-Paley operator in the x direction. If s, a > 0, and the 
sequence is spectrally supported in {j^j < c~^2^} {\fh\ < c“^2-^} for some 

c > 0 and satisfies ||u£j||i 2 < Qj2“^®2“'^°' with then u = ^ 

^S,0-(Rd+l) gQfj^gJiQg 

Li 

2.3. Symbolic calculus. Let us recall the symbolic calculus and the boundedness 
in Sobolev space and Besov space of the paradifferential operators. 

Proposition 2.6. Let m,m' G R. 

1. If a G r™(R‘^), then for any s G R, 

\\Ta\\H^^H^-m < CM^{a). 

2. //a G r™(R'^),5 G r;]^'(R'^) for p > 0, then for any s G R, 

WTaTb - Ta#b\\Hs^Hs-m-m'+, < CM7(a)Mo-'(6) + CAF^\a)Mf {b), 

where affb = Y.\a\<p^i(k{x,i)Dfh{x,i),D^ = h. 
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3. If a e r™(R'^) for p G (0,1], then for any s G R, 

||r„* - {TaT\\H^^H^-r^+r < CM^{a). 

Here (Tq)* is the adjoint operator ofTa, and C is a constant independent of a,b. 

Proposition 2.7. [32] Let m, m', s G R, g G [1, oo] and p G [0,1]. 

1. If a e r[]"(R'^), then 

-^oo,q'^-^oo,g u \ / 

2. Ifa€ r™(R '^),6 G r;f'(R“'), then 

\\TaTb - T,b|L, < CM^{a)M^'{b) + CM^{a)Mf {h). 

^oo,q~^^oo,q ^ ^ 

Here C is a constant independent of a, b. 

Remark 2.8. If the symbol a{x, If) satisfies 

M-(a)^ sup sup ||(l + |e|)l“l-”^5fa(-,e)||c-. <oo 
|a|<3d/2+l |5|>l/2 

for some p > 0 , then Ta is bounded from to and to 

with the bound MIf^{a). 

Corollary 2.9. Let s, mi, m 2 , m 3 G R. Suppose that a G 6 G r™^,c G P™®. 
Then we have 

II [Ta, [T,,Ta]] < CMr^ia)M^^ib)M^^ic). 

Proof. It follows from Proposition 2.6 that 

||[r 6 ,r,] - Tp + Tp,\\Hs^Hs-m,-m, + 2 < (b) (c) . 

where p{x,^) = E|a|=i 0^“c(x, 0 and pi{x,C) = E|a|=i ^5 c(x, 0- 
Hence, it is sufficient to consider [Ta,Tp] and [Ta,Tp^ ]. Because of p,pi G r]”2+m-3 
the corollary follows from Proposition 2.6. □ 

2.4. Tame estimates in Sobolev space. Let us first recall some classical tame 
estimates. One can refer to [8] for more general results. 

Lemma 2.10. Let s G R, and p,q G [1, 00 ]. Then for any a > 0, we have 

\\Tuv\\b^^^ < Cmin (||u||c-<^ ||'y||s=+<^, \\u\\l^\\v\\bs,^) ■ 

If Si + S 2 > 0 , then we have 

\\R{u,v)\\^^^^^^_d < C'||u||i/n||u||H'^ 2 . 

If s > 0, then for any a gH, we have 

\\R{u,v)\\bs^^ < C||u||c'-|I''^IIb;--- 

Proof. The first two inequalities are classical, see [8] for example. We prove the third 
inequality. Recall that 

R{u, v) = E AkuAiv. 

\k-e\<2 
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Hence, there exits some A^o £ N so that 

AjR{u, v) = Y] Aj(AkuAiv). 

lk-£l<2;k,e>j-No 

It follows from Lemma 2.2 that 

\\AjR{u,v)\\LP < ^ \\AkU\\L^\\Aiv\\LP 

\k-l\<2-,k,l>j-No 

<C||t(||c‘^ ^ 2~'^^\\Aev\\LP- 

i^j—No 

This gives 

2^^\\A,R{u,v)\\lp<C\\u\\c^ 

i>j-No 

which implies the second inequality by Young’s inequality. □ 

A direct consequence of Lemma 2.10 is the following tame product estimate. 
Lemma 2.11. Let s > 0. Then we have 

II/^IIh® < C'dl/llioo+ II5 ||l°°II/IIh''’)) 

||/V5||h= < C{\\f\\L^\\Vg\\H^ + \\g\\L^\\f\\H^+i). 

Lemma 2.12. [8] Let s > 0,p,q G [1, oo] and F he a smooth function with F{0) = 0. 
Then we have 

||T(u)||bs^^ < C'(||u||loo)||u||s-^^. 

Especially, for p = q = 2, we have 

\\F{u)\\h‘ < C'(||li||L°°)||'«||H'>- 

Using an extension argument, we deduce from Lemma 2.11 and Lemma 2.12 that 
Lemma 2.13. Let S = R'’* x L with / C R an interval and s > 0. Then we have 
lk^llH'>(5) < C’(lkllL°°(5)ll'f^llH''>(5) + ll'f^llL°°(5)lkllH'*(5))) 

||nVu||//s( 5 ) < C'(||n||£,oo( 5 )||Vu||//s( 5 ) + ||i^||i,°°(5)lkllH"+i(<S))• 

Let F be a smooth function with F{0) = 0. Then we have 

II-^(''^)IIlI'>( 5) < C'(lkllL°°(5))ll“llLI'>(5)- 
Next we present a tame estimate in the anisotropic Sobolev space. 

Lemma 2.14. Let s > 0 and a € (0,1). Then it holds that for any e > 0, 

\\Tuv\\h‘>-<^ + \\R{u,v)\\h‘>,<^ 

< C{\\u\\l^ + |KL)a;)'^’'"^n||j;^oo(R.i 2 ) + IK-D 3 ;) 2 n||ioo(R.j;^ 2 )) ||u||hs.<t. 

Proof. Using Bony’s decomposition (2.3), we write 

T,,v = TiT’^ + T^ + R^){u,v). 

where T{u,v) = TuV,T^{u,v) = T^{v,u), and denote the paraproduct in the x 
direction. 

By using Lemma 2.2 and Lemma 2.5, it is easy to show that 
\\{TT^ + TR^){u,v)\\hs,^ < C\\u\\loo\\v\\hs,^. 


(2.5) 
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According to the definition of the paraproduct, we have 

{Tt'"){u,v) = Y,Si-3A^uA,S^_^v. 

For (7 < |, we get by Lemma 2.2 that 


\\Se-3AjuAiSj_^v\\i2(^iid+i) < \\Si_3Aju\\L,^(^.i2-^\\AiSj_^v\\L2(^.j;^oo-^ 

and for cr > ^ and any e > 0 , we have 

\\Se-3AjuAeSj_3v\\x^2(jid+i-^ < \\Se-3Aju\\L^(^.L^)\\AiSj_^v\\L2(^R.Loo-^ 

< C2^'^\\Aju\\i^(^Yi.i2)\\{Dx)2-^Aiv\\L2 

< CQj 2 “^® 2 “-^''^||(D 2 ;)'^+^'u||^oo(R.i 2 )||i;||//i>.-T, 

where ||{Qj }||£2 < 1. Then Lemma 2.5 ensures that 

||(rr ){u,v)\\h’>’'^ < C'(|K-D3;)°'’'"^l^||l,g°(R;L2) + ||(-Dx)2u||loo(p_.j;^2))||u||//s,<t, 

which together with (2.5) gives the first part of the lemma. The proof of another part 
is similar. □ 

Next, we give the material derivative estimates for R{u,v). 

Lemma 2.15. Let dt = dt + V ■V. Let s > 0 and ai G (0,1), <72 G R and a > 1 — cJi. 
Then it holds that 


\\dtR{u{t),v{t))\\H- < C{\\dtu\\c<’i + \\dtv\\c<^2\\u\\Hs-a2 

+ ||Vy||Loo (||u||c‘^i ||u||j|/s-<Ti + ||u||loo + ||u||c"^i ||u||l<x> ||1/||j:^s+ct), 

where IlStuHc"^! and ||m||c<ti ||u||j:^s-ai can also be replaced by ||9tu||Loo ||u||rs 

and ||u||£,oo ||u||rs respectively. 

Proof. A direct calculation gives 

dtR{u,v) = ^ dt{AkuAiV) 

\k-t\<2 

= ^ {Ak{dtu)A(,v + AkuAi{dtv) 

\k-e \<2 

- [Afc, V] ■ VuAiv - Aku[Ai, V] ■ Vv'j 

= R{dtu,v) + R{u,dtv) - ^ {[Ak,V]-VuAiv + Aku[Ai,V]-Vv). 

\k-e\<2 

It follows from Lemma 2.10 that 

\\R(dtu,v)\\H‘> < C'ptullc-i ||u||j|^.-ai, 

\\R{u,dtv)\\H‘> < C\\dtv\\c'^ 2 \\u\\Hs-<r 2 . 
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Given Nq G N sufficiently large, we further decompose 

[Ak,V]-VuAiV = ^ [Ak,Sk-Noy] 

\k-e \<2 \k-e \<2 

+ [Ak,S^-^°V]-VuAev, 

\k-e \<2 

where = 1 — Sk- By noting that u has to be spectrally supported in {|^| ~ 2^} 
and using the commutator estimate 

\\[Ak,u]Vv\\LP < C\\Vu\\l^\\v\\lp for any p G [1,oo], (2.6) 

which follows from the identity 

[Afc,u]Vu(x)= / Lpk{x — x'){u{x') — u{x))Vv{x')dx' 

= / V i^k{x — x'){u{x') — u{x))v{x')dx' 

Jnd 

— / ipk{x — x')Vu{x')v{x')dx', 

and ||<,Sfc||^i + ||xV<,Pfc||j;^i < C, then we can deduce that 

||[Afc,Sfc_^3y] • <C 2 -^-^\\VV\\l^\\u\\c<^,\\A,v\\l^ 

^Cc(2 ^^11 Vl^||/,oo ||ti||c'CTi ||u||j:^s-CTi 

with ||{c £}||£2 < 1. Obviously, the term [Ak, Sk-NoV] • VuA^u is spectrally supported 
in a ball {|^| < 2^} for \k — £\ <2. Then Lemma 2.4 ensures that 


[Afc, S'fe-TVo^] • VmA^U < G||Vy||Loo ||t(||(^CTi . 

\k-e\<2 

Noticing that 

\\Ak{S^-^°V ■Vu)Aev\\L^ < \\Ak{S’^-^°V ■VSku)Aev\\L^ 

+ \\Ak{S’‘-^°V ■ VS’^u)Aiv\\L2 + IIAfcV • {S’^-^°VS'^u)Aiv\\L2 

<C2-‘^y\\VV\\L^\\u\\c<^i\\Aiv\\L2. 

we can deduce from Lemma 2.4 that 

V Ak(S^~^°V ■Vu)Aiv < G||Vfo||Loo|ffi||c-i 111111 

\k-e \<2 

On the other hand, we have 

S’^-^oy -VAkuAev ^<C Y, \\S^~^°V-VAkuAevyo 
\k-e \<2 \k-e \<2 

<C ^ 2 ^^-‘^^^'^\\S’^-^°V\\ho\\u\\c-i\\v\\l- 

\k-i\<2 

\k-i\<2 

< ciiyiiji^s+CTUrine'll • 
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This shows that 


\k-e.\<2 


<C{\\VVU^\\u\\ 

c®"! II'^IIh'®“°'i 


+ II^IIh'®+°'II'*^II c’^1 11 11 a°° ) • 


Obviously, ||u||c'^i ||u||j:^s-ai can be replaced by ||M||ioo HuH/fs in the above proof. 
In a similar way, we can deduce that 


Aku[Ae,V]-Vv 

\k-£\<2 


^(^(lIVyllLoollullLoo ||u||//s 




This completes the proof of the lemma. 


□ 


2.5. Tame estimates in Chemin-Lerner spaces. Let us recall the following lem¬ 
mas from [32]. 

Lemma 2.16. Let s € R and q,qi,q 2 S [IjCo] with | = ^ + Then for any si > 0, 
we have 

— C'min (||5|l2;u(/;Loo)||/|l2;92(j.j^s)! WgWjjn (/;C-u)ll/llz®2(/;//‘>+u)) ■ 

Lemma 2.17. Let s £ R and q,qi,q 2 ,'£' € [IjOo] with ^ ^ Then for any 

Si > 0, we have 

- Crain (lbllzu(/;ioo)IblljT(/;C-u)ll/llz«(/;S^“i) 

Lemma 2.18. Let q,qi,q 2 ,r G [l,oo] with | ^ Then for any s > 0 and 

Si G R, we have 


W^if ^ 9 )\\zi(i-h‘’) — C\\9\\zi^{i-fin)\\f\\zi'^(r,H‘’-‘‘i)^ 

W^if^9 )\\zi{i-b^^^) ^ ^ll5llzT(/;Cu)ll/llzp(/;Bji;^i)‘ 

If s < 0 and si + S 2 > 0, then we have 

\\I^if ^9)\\z'1(i-h‘>) — C\\9\\z‘f-{i-c‘i)\\f\\zi^{r,H'^2)^ 
W^if’9 )\\zi(i-b^^) ^ ^II5'IIz«(/;Cu)II/IIz?(/;C'’2)- 


2.6. Commutator estimates. 

Lemma 2.19. Let m, ^ G H, s > 0 and a G r™(R'^) with p G (0,1]. Then there holds 
II [(Z))®, Tajull< C'M™(a)||u||j^s+M+m-p. 


Proof. We write 


[(Z))^, Ta]u — Ti^^yTall — T/^^y^U + {{D)^ — T(^^y )TaU, 
then the proposition follows from Proposition 2.6 and the fact that 

||((ZZ)^ - T^^y)Tau\\H>^ < C|KZ1)*(1 - V'(ZZ))r„u||HM < CMS^{a)\\u\\H.,> 
for any p' > 0. □ 
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Lemma 2.20. Let S = R'^ x I with I C LI an interval. Then it holds that for any 
integer s > 1 , 

\\Nt:,y^'^Wx,yU\\L2(^S-^ < C (|| Vx.jyf || (5) (5) + lkllL°°(5) II • 

Proof. When S = this lemma is classical. General case can be deduced by 

using an extension argument. □ 

Proposition 2.21. LetV G C([0, T]; ;^(R'^)) and p = p{t,x,ff) be homogenous in 

^ of order m. Then for any s > 0, 

\\[Tp,dt + TvV]u{t)\\^^ 

<c(M^{p)\\V{t)\\sr^^^+M^{{dt + Tv-V)p))\\um 

If pit) £ r™ for some p> 0, M^{p)\\V{t)\\Qi ^ can be replaced by MJf{p)\\V{t)\\’\^i,oo 
in the case of s > 0. 

Proof. The proof is motivated by Lemma 2.16 in [3]. As in [3], it suffices to consider 
the case when p = p{t, x) by decomposing p into a sum of spherical harmonic. In this 
case, Moip) = IIpII IjOO . A direct calculation gives 

[dt + Ty • V, Tp]u =Tq^pU + Tv ■ TsjpU + Ty • TpVu — TpTy ■ Vu 
=T{dt+Tv^)p'^ - {Ttv\7p - Tv ■ Ts/p)u 
+ (Ty • TpVu — TpTv ■ Vu). 

We infer from Lemma 2.10 that 

ll^(9t+W-v)p^lli^® < C\\{dt + Tv ■'^)p\\l^\\u\\h‘>- (2.7) 

Recalling the definition 5% = u — SjU, we decompose Ty • TvpU as 
Ty • TvpU = '^Sj-sV ■ Aj(5fc_3(Vp)Afcu) 

= Y, Sk-^V • 5 fc_ 3 (Vp)AfcU + ^ (S,_ 3 R - Sk-zV) • Aj{Sk-z{Vp)Aku) 

k j,k 

= Y Sk-ziV • Vp)AkU - Y Sk-3{S^-^V ■ Vp)AkU 
k k 

- YiSk-3, Sk-zV] • VpAkU + Y {Sj-3V - Sk-zV) • Aj{Sk-ziVp)Aku) 

k j,k 

— Tv-vpU + Ii + I2 + h- 

We get by Lemma 2.2 that 

II [Sj-zV - Sk-zV) • A,- {Sk-z{^p)Aku) 11^2 

< C2-^(^-i) ||5,_3P - Sk-zVhoo IIpIIloo ||n||H- 

Note that the summation index (j,k) in I 3 satisfies \k — j\ < Nq for some Nq G N, 
and [Sj-zV — Sk-zV) ■ Aj (^Sk-z(Vp) Aku) is spectrally supported in a ball {|^| < 2 -^}. 
Then Lemma 2.4 ensures that for s > 0, 

||73||h» < C'll^lliyi’°°II pIIl°°I klli^® 
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by using the fact that 

2 ^\\Sj_^V - Sk- 3 V\\L^ < C||y||^i,oo. 

\j-k\<No 

For s = 0, we have 

||/3||l2 < C\\V\\^i^J\p\\l^\\u\\l2. 

By Lemma 2.2 again, we have 

WSk-siS'^-^V ■Vp)Aku\\L 2 <C2-^^Cfc(||5'=-3(Vy)||Loc+2^||5'=-V||Loo)||p|Uoc||u||H^ 

<C'2“^®Cfc||'F||wn°o IIpIIloo ||tt||j^s, 

with ||{cfc }||^2 < 1, and Sk- 3 {S’‘~^V • Vp)AfcU is spectrally supported in an annulus 
{|ei j'NJ 2^}. Then Lemma 2.4 ensures that 

Noticing that 5fc_3l4] • VpA^u is spectrally supported in a ball {|^| < 2^} 

and by (2.6), 

\\[Sk-3,Sk-3V]-VpAku\\L2 < Cck2-’^^\\V\\w^,^\\p\\L^\\u\\Hs, 

with ||{cfc }||£2 < 1, we infer from Lemma 2.4 that for s > 0, 

||-f2||H» < C'IIpIIl°°||1^||wi-°o||m||hs. 

In the case of s = 0, we need to decompose I 2 as 

h = ^[‘S'fc-3) 5'fc-iVo^] ■ '^P^kU + ^[5fc_3, {Sk-3 — 5fc_Arp)l/] • VpAj^u, 
k k 

where we take Nq big enough so that [S^-s, Sk-NoV] • is spectrally supported 

in an annulus {|^| ~ 2^}. Then we have 

||-^2||l2 < C'IIpIIl“II^IIr^ JI«IIl2- 

Putting the estimates of Ii,l 2 and I 3 together, we deduce that 

\\(Tv ■ Typ - Tv.yp)u\\H‘> < C'||p||Loo||P||y[/i,cx,||t(||_H's(s > 0), 

\\{Tv ■ Tsjp - Tv.sjp)u\\l2 < C'IIpIIlooIII/II^^ J|n||£,2. 

By Bony’s decomposition (2.3), we have 

||Fy-Vp-TvVp«||H'* < \\y ■'Vp-Tv ■ VpIIloo ||u||_f/'> 

and if p S C^, we have 

\\Tv-\/p-Tv\7pU\\H‘ < C'||p||c''||l^||wF°°||w||//'>- 
This shows that for s > 0 

II {TTy.sjp - Tv ■ T^p)u\\ho < Cmin (||p||l°° ||P||b^ ^, ||p||c''||l^||wi.°°) \\u\\h‘>, (2.8) 
and for s = 0, 

\\{TtvVp-Tv ■Ts/p)u\\h» < ||p||l°°||1^|Ib^ J 


U\\h^- 


(2.9) 
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Next we decompose Ty • TpVu as 

Tv ■ TpVu = Sj-sVAj{Sk-3P ■ AfcVii) 

iM 

= '^Sk-3VSk-3P-AkVu 
k 

+ ^ {Sj.3V - Sk-3V)A,{Sk-3P • AkVu) 

j,k 

AY^Sk-3VSk-3P- ^k^U + Ih. 
k 

On the other hand, we have 

TpTv ■ Vrt = ^Sj-3pAj{Sj-3V • Vu) 
j 

+ ^ Sj.3pAj {{Sk-3 - Sj.3)V • VAfcu) 

j,k 

= ^ Sj. 3 VSj. 3 P • A,Vu + J] Sj.3p[Aj,S,.3V] • Vu 
j j 

+ ^ Sj.3P • A,- ((5fc_3 - Sj.3)V • VAfcu) 
j,k 

A Sj. 3 VSj. 3 p • VA,IX + II 2 + 7 / 3 ■ 

j 

This gives 


Ty ■ TpVu — TpTy ■ Vti = III ~ II 2 ~ 7 / 3 . 

Notice that the summation index (j, k) in II 3 satisfies \ k—j\ < Nq for some Nq G N. 
Similar to I 3 , we can deduce that 


II773II//S < CIIpIIloo|| y||j^i,ooII' uIIh®■ 

For 77i, we have 

||77i||j7s < C'IIpII^oo|| y||y[/i,oo||u||/fs(s > 0), 

\\IIi\\l. <C\\p\M\V\\bYMl^- 

We decompose II 2 as 

II 2 = Sj.3p[Aj{Ts^_^v ■ Vu) - Tsj_ 3 v ■ VAju) 
j 

+ Y {Sj-sV ■ Vu - Tsj_sv ■ Vu) 

j 

- Y Sj-3p{Sj.3V • VAjU - Ts,_,v • VAju) 

j 

Alll + III + III 


772||h'> < <^11 ^111 .°°> 0), 
III\\l^ <C\\p\\lAV\WY\u\\l 2 . 


Similar to 72, we have 
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Using Bony’s decomposition (2.3), we decompose //I as 

III = E {R{S^-^V, Vu) + T^.-iVoV. • Sj.^V) 

j 

for some Nq S N. It is easy to prove that for s > 0, 

||5,_3pA,-(i2(5,_3U, Vw) +r5,-iVov„ • Sj.^V)\\l2 < Cc,-2-^’^||p||ioc||U|| h.i.oc||ii||h. 

with ||{cj }||£2 < 1. Then Lemma 2.4 ensures that for s > 0, 

For s = 0, it is obvious that 

\\III\\l^<C\\p\\lAV\\b^ \\u\\l2. 

oo , 1 

Similarly, we have 

\\II2\\h'> < C'||p||Loo||I/||^yi.cx>||u||_H-s(s > 0), 

WIIIWl^ <C\\p\\L^\\V\\si^Juh2. 

This proves that 

\\Tv ■ TpVu - TpTv ■ Vm||hs < C||p||loo||U||wi.°°||i^||h»('S > 0), 

\\Tv ■ TpVu - TpTv ■ Vu ||^2 < C||p||loo||U||^^ J|'u|| 2 , 2 , 

which together with (2.7)-(2.9) give the proposition. □ 

Remark 2.22. If the symbol p{t,x,f^) satisfies 

Mffp^{dt + Tv ■ Vp) = sup sup 11(1 + + Ty ■ Vp)\\c-^ < oo 

\a\<Zd/2+l \i\>l/2 

for some p > 0, then there holds 
\\[Tp,dt + Tv ■ V]u(t)||^, 

< CM^{p)\\Vit)\\BlJW{t)\\Hs+rn + CMffp{{dt + Tv • V)p)||u(t)||H»+^+., 
which can he seen from (2.7). 

The following proposition will be used in the proof of well-posedness. Although 
the estimate is very rough, it is sufficient for our application. 

Proposition 2.23. Assume that V e C(l0,T];W^’°°}, dtV G C([0, T]; and 

the symbol p = p{t, x, is homogenous in ^ of order m G R. Then it holds that 

||(9t + Tv • V)[Tp, dt + Tv V]u(t)||^, < C(1 + \\V{t)\\w2,^ + ||9fU(t)||^i,oo)' 

X {M^{p) + Mfi^idtp) + M(fi{dlp)) II {{dt + Tv • V)n(t), u(t)) ||^^+.. 

Proof. Note that 

\Tp, dt+Ty- V]M(t) = — {Tq^p + TyTyp^U — {TyTp — TpTv)Vu. 

A direct calculation gives 

{dt + Tv ■ V)[Tp,dt +Tv-Vjuit) 

= -{dt + Ty ■ '\/){{Tg^p + TvTyp)u + {TyTp - TpTv)Vu) 

= - [dt + Tv ■ V, Tq^p + TyTyp] U + {Tg^p + TvTyp){dt + Ty ■ V)u 
- [dt + Ty V, {TyTp - TpTy)] (Vu) - [Tp, Tv]{dt + Ty • V)(Vu). 
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It follows from Lemma 2.10 that 

WiTdtp + TvTs/p){dt + Tv ■ 

< C{M^{dtp) + \\V{t)\\L^M'^{p))\\{dt + Tv • V)u\\Hrr.+.. 

We decompose 

[dt + Tv -V, Tq^p + TyTs/p] u 

= [dt + Ty • V, u+ [dt + Tv ■'SI, Ty] TypU + Ty [9* + Ty • V, Tvp] u. 
Then it follows from Proposition 2.21 and Proposition 2.6 that 

II [dt + Ty ■ '^,Tg^p + TyTypjuWno 

< C{l + \\Vit)\\c.+s + \\dtVh^)\M^iVt,.p) + 

We decompose 

[Tp, Tv]{dt + Ty • V)(Vii) = [Tp, Tv]V{dt + Ty • V)u - [Tp, Tv]Tsjv • Vu, 
which along with Proposition 2.6 gives 
\\[Tp,Ty]{dt + TyV){Vu)\\pp, 

< C\\V{t)\\wyM^{p){\\{dt + Tv-V)u\\Hrr.^ + ||Vy(t)||Loo||n||^^^+.). 

We write 

[dt, {TyTp - TpTy)] (Vu) = [Tg^v,Tp]{Vu) + [Tv,Tg^p]{Vu), 
from which and Proposition 2.6, we deduce that 

\\[dt,iTvTp-TpTv)]{Vu)\\^,<C\\{V,dtV)\\y.^{Mr{p) + Mr{dtp))\\u\\H^^^ 
Finally, we deduce from Corollary 2.9 that 

\\[Ty-V,[Tv,Tp]]{Vu)\\pp^<C\\V\\w2,o.M^{p)\\u\\Hrn+s. 

Putting the above estimates together, the proposition is proved. □ 

3. Parabolic evolution equation 

Let I = [zq, zi] be a hnite interval. We denote by r™(/ x R'^) the space of symbols 
a{z;x,^) satisfying 

A^™(a)=^sup sup sup 11(1 + 1^1)1“!“™'9|*a(z; •,^)IIvup.°° <+ 00 . 
zel |a|<3d/2+l+p |C|>l/2 

We consider the parabolic evolution equation 

f d^w + TaW = f, 

\ w\z=zo = wo, 

where the symbol a € rp(/ x R'^) is elliptic in the sense that there exists ci > 0 such 
that for any z € I, (x, G R*^ x R*^, it holds that 

Rea(2;;x,^) > ci|^|. (3-2) 

For the elliptic estimates, we need to introduce two kinds of spaces. The first kind 
of spaces are intended for Sobolev elliptic estimates: 

X^{I) Lf (/; n Llil; 
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The second kind of spaces are intended for Holder elliptic estimates: 


def 


O'+l 




def 71, 


Yg^I) - L^(I; + Llm 

Let us recall the following parabolic estimates in Chemin-Lerner type spaces, which 
have been essentially proved in [32]. 


Proposition 3.1. Let a G rp(I x R'^) for some p > 0. Assume that wq G 
and f G Y^{I) for cj G R. Then there exists a unique solution w G X^{I) of (3.1) 
satisfying 

where C is an increasing function depending on ci and |/|. 


Proposition 3.2. Let a G R,p, g G [l,oo] and a G r^(/ x R'^) for some p > 0. 
Assume that w G is a solution of (3.1). Then for any 5 > 0, 

lklU-,(7) < C(Al^(o))(||u;o||sj,^, + ||/||y-,(/) + lkllzf(/;C-^)) > 
where Ypfg{I) = LP{T,B^,g^^) and C is an increasing function depending on ci and 

\I\- 


4. Elliptic estimates in a strip 

The goal of this section is to establish the elliptic estimates in Sobolev spaces 
and Besov spaces. These estimates will be used to estimate the Dirichlet-Neumann 
operator, the velocity and the pressure. 

Throughout this section, we assume that p G C' 2 '’'^(R'^) for some c > 0 and there 
exists some ho > 0 such that 

1 + p{x) > ho for X G R'^. (4.1) 

Let S = {{x,y) : X £ R*^, — 1 < y < p{x)} be a strip. 

In the sequel, we denote by Krj = ^(117^11 an increasing function depending 

on ho, which may change from line to line; V = {dx^ , • • • , dx^),D = ^ and A = A^,. 

4.1. Elliptic boundary problem. We consider the elliptic equations in 5: 

Xx,y4> = 9 in 5, (4.2) 

with the Dirichlet boundary condition 

4>\y=v = f, 4>\y=-l = fb, (4.3) 

or the mixed boundary condition 

(l)\y=ri = f, dycl)\y=_i = 0. (4.4) 

Given /,/f, G H^(R^) and g G H ^(5), the existence and uniqueness of weak 
solution for the elliptic equation (4.2)-(4.3) or (4.2)-(4.4) can be deduced by using 
Riesz theorem(see [3] for example). Moreover, the solution cp G H^{S) satishes 

II</’IIh' 1(5) < C'djr^lliyi.oo,/lo)(||(/,/b)!!^! + ||fi'llH-i(5))- 


(4.5) 
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As a warm-up, we first establish the elliptic estimates in the flat strip S = [— 1 , 0 ] x 
by using the parabolic estimates. The same ideas will be used to deal with the 
general case in the next subsections. In this subsection, we denote that I = [—1,0]. 

Proposition 4.1. Let (j) be a solution of (4-2)-(4-3). Then for any a > —there 
holds 

\\^x,y(t>\\x<^{I) < C'(I|Vx,?/</>||l 2(5) -I- IK/,+ lbllY'^(7))) 

< C(||V,,,<^11^2(5) + ||(/,/6)||^,.+i + 

Proof. We split the proof into three steps. 

Step 1. Estimates on [-1/2, 0] 

Let w = x{y){dy — \T>\)4>, where xiu) is a smooth function satisfying x(—1) = 0 
and x{y) = 1 for y G 0]. Then w satishes 

(dy + \D\)w = x{y)g + ^{y){dy + \D\)(I) = yi, w{-l) = 0. 

Then for any y G [—1,0], we have 

w{x, y) = j y')dy'. 

Using the fact (see [40] for example) that there exists c > 0 such that for any y < 0 
and p G [1, oo], there holds 

||e^l^lA,/||Lp < (4.6) 

we can easily deduce that for cji = min(cj, ^), 

||r^||x'"i(/) < C'(llfl'llY‘^(7) + l|V3;,y</||L2(5))- 
On the other hand, we have 

{dy - \D\)^ = w{y) foryG[-^,0], />(0) =/. 

Hence, for y G [—1,0], 

4>{x, y) = e^^^^ f + f e~^'^ ~'^^^^^w{y')dy', 

Jo 

from which and (4.6), we infer that 

\\'^x,y4>\\x<^l{[-l,0]) ^C[\\f\\jjai+l + ||lc||j 5 s:<Ti( 7 )) 

<C{\\f\\ffai+i + ||y||y<T(/) -I- ||V3,,y(/||x,2(5)). (4.7) 

Step 2. Estimates on [—1,—1/2] 

If we let w = x{y){dy + \T>\)4>, where x{y) is a smooth function satisfying x(0) = 1 
and x(y) = 1 for y G [—1, — ^]. Then we have 

{dy - \D\)w = x{y)g + x'{y){dy - \D\)(j), u;(0) = 0, 

{dy + \D\)(j) = w for y G [-1,-i], </(-!)=/(,. 

Then a similar argument leading to (4.7) gives 

\W X,y4>\\x<’i{[-1-^]) — C(II/6 |Ih'‘^i+i + IIS'ljy^H) + l|Va;,i/</||L2(5))) 
which along with (4.7) gives 

\\^x,y(t>\\x'’i{I) < C*(ll(/)/b)llH'^i+i + I|5 ||y'^(/) + l|V*,y</lll, 2 ( 5 )). (4.8) 
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A bootstrap argument will ensure that the inequality (4.8) holds for ui = cr. 

Step 3. Proof of the second result 

To show the second inequality, it suffices to consider the estimate of the normal 
derivative. Let cr + | = A; + cJi for A; G N and cJi G [0,1). Using the interpolation 
inequality and the elliptic equation, we deduce that 

<C{\\dyct>\\ 


<0 liv 


x,y^ 










) 




< 1^(11 (/) + 

Let us assume that for £ G [1, A:], there holds 

Then the estimate \\dy~^^(i)\\H<’i{s) can be deduced from 




+ l|Vx,y</>||l,2(5)). 


I|5^’^V||h‘"i(5) <C{\\dy 

<C'(||9y(()||^2(j.j:^<T + i) + ll'9y<(’llL2(/;/f'^l + l) + 11 5 11 1 ) 


and an induction assumption. The proof is finished. 
Next, we give the estimates of (p in the Besov space. 


□ 


Proposition 4.2. Let 4> he a solution of (4-2)-(4-3) with g = gi + dyg 2 - Let a G 
R,g,r G [1, oo]. Then it holds that for any 5 > 0, 

\Nx,y4>\\x^^g{I) < C{\\{f,fb)\\B^4 ll9l||y-(/) + \\g2\\x^^g{I) + l|Vx,y((>||L2(/;C-5))- 

Proof. Let w = x{y){dy — \D\)p, where xiu) is a smooth function satisfying x(—1) = 0 
and x{y) = 1 for y G [— 5 , 0]. Then w satisfies 

{dy + \D\){w - x{y)g 2 ) = x{y)gi + x'{y){dy + \D\)p - x{y)\D\g 2 - dyxg 2 = g 
with tc(—1) = 0. Then for any y G [—1,0], we have 

{w - x{y)g2)[x, y) = J e^^'~^^^^^g{y')dy'. 

from which and (4.6), we infer that for cJi = min(—d + |,cr), 

- C'(llfl'l||yj<^(7) + \\g2\\x^^g{I) + \\'^x,y(l>\\LliI-,C-^))- 
On the other hand, for y G [—^,0], 

(/>(x, y) = + f e~^'^'~'^^^^^w{y')dy' , 

Jo 

from which and (4.6), we infer that 

\\'^x,y4’\\xf\{[-l,0]) -^{W-JWb^P + II^IIa^1 (/)) 

<c[\\f\\^^i + ||yi||y_^.T(7) + ||y2||A:^^(7) + \\'^x,y4>\\Ll(I-C-^))- 

Similarly, we can deduce that 

X,y4>\\xf\{[-1-^]) - ^{WfWB^P + IlfflllTTC/) + llfl' 2 ||A:ir,j(/) + \\'^x,y4>\\Ll(I-,C-‘^))- 
Then the proposition follows by using a bootstrap argument. □ 
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4.2. Flatten the boundary and paralinearization. Motivated by [23, 3], we flat¬ 
ten the boundary of 5 by a regularized mapping: 

(x, z) G R'^ X 1 1 — ^ (x, ps(x, z)} G S, 
where I = [—1,0] and ps with 5 > 0 is given by 

ps(x,z) = z + (1-h z)e'^^^^^rf(x). (4.9) 

In the sequel, we denote S = x I with I = [—1, 0]. For a function f{x, y) defined 
in S, we denote /(x, z) = f{x, psix, z)). 

For any 2 ; G [—1,0], we have 

d,ps = 1 + v{x) + - l)? 7 (x) + (1 + z)6e^^\^\\D\p{x). 

It is easy to show that 


MD\ 


< 


16 ”"'“' - l)?7 -h 
(f [ lle'5^'l^llF>lr7llLocdz' + 511e^^l^llF>lr?( 

J Z 


x)\\l- 


<C5\\\D\p\\lo. <C5U\ci+e. 

Hence, we can take 5 small enough depending only on ]]?]]]( 2 ;i+e and Hq so that 


dzPs{x,z) > — for {x,z) G S. 


(4.10) 


We have the following regularity information for the regularized map ps, which can 
be easily verified by the definition of ps- 


Lemma 4.3. For any cr > 0, there holds 

\\C^P5,d^ps - l)ll^<,_i^^^ -b WiVPS,d,ps - l)llj^a(5) < 

Let p,q G [1, 00 ] and u G R. Then we have 

II (^P(5) — 1) ■) ^ .fb,y||?7|| 

-^2?-^oo,q'/ r> p 

^ 00 ,q 

We set v{x,z) = (j){x, ps{x, z)). It is easy to hnd that v satisfies 

d‘^v + aAv + 13 ■ VdzV — 'jdzV = Fq, (4.11) 

where Fq = ag{x, ps{x, z)) = Fqq + V^Gq and the coefficients a, (3 ,7 are defined by 


a = 


{dzPsf 


/3 = -2. 


dzps'^ps 


7 = 


-^{dlps + aAps + /3- VdzP5).{4..l2) 
^zpS 


l + |Vp5|2’ ^ l + |Vp5|2’ 

We collect the following Sobolev and Holder regularity information for the elliptic 
coefficients, which can be proved by using Bony’s decomposition (2.3), Lemma 2.16- 
Lemma 2.18 and Lemma 4.3(see Lemma 4.4 in [32]). 


Lemma 4.4. If a > then it holds that 


I" “ + 

I ^ I I ~ 1 4 -i=- H” 




.3 <iL„| 












I“IIl2(/;C1+®) + 


Il2(/;C1+7 


-b 


' "Lg°(/;C“2+®) 

< K 


7 K„, 
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Lemma 4.5. It holds that 

ll(« - l>/3)llHa(5) < fora > 0, 

||7llHa-i(5) < KjrjW^^^i for a > 1 . 

Proof. The lemma follows from Lemma 2.13 and Lemma 4.3. □ 

In order to obtain the tame elliptic estimates, we paralinearize the elliptic equation 
(4.11) as 

dlv + T^Au + T/s ■ VdzV = Fo + Fi + F 2 , (4-13) 

with Fi , F 2 given by 

Fi = -fd^v, F 2 = (To - a)Av + (T^ - /3) • Vd^v. 

Following [3], we decouple the equation (4.13) into a forward and a backward parabolic 
evolution equations: 

(9, -Ta){d,-TA)v = Fo + Fi + F2 + Fs^F, (4.14) 

where 

F 3 = {TaTA - TaA)v - {Ta FTa + T/S ■ V)dzV - Tq^av. 

The symbols a, A satisfy 
Lemma 4.6. It holds that 

a(z;x,^) ■ A{z;x,i) = -a(x,z)lC|^ 
a{z;x,f) + A{z;x,f,) = -ift{x,z) ■ f,. 

Moreover, a, A G All with the bounds 

2+e 

A1 i+,(a) < Kr,, Ali+,(A) < Kr,. 

Proof. The two equalities are obvious. Note that 

4a|ep-(/3-0'>C2|eP 

for some C 2 > 0 depending only on ||t/|| 3 ^^. Then the second statement follows from 

c ^ 

Lemma 2.12 and Lemma 4.4. □ 

4.3. Elliptic estimates in Sobolev space. We first present the trace estimate in 
terms of the norm of the solution. 

Lemma 4.7. Assume that v G II^{S) is a solution of (4-11) in S. Then we have 
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Proof. Let Vj = ^jv. Let xi^) be a smooth function supported in [—1,0] and 
x{z) = 1 on [—b,0]. For any z G [—1,0], we have 

{Vvj{z),Vvj{z))^_i <2 j ^x{z'){dz''^Vj{z'),Vvj{z')) ^_idz' 

+ J ^ x'{z'){'^Vj{z'),Vvj{z'))^^idz' 


which implies that 


||Vu||~ , 1 < C'llull^iz-ox. 


By the equation (4.11) and Lemma 4.8 in [32], we get 

{dzVj{z),dzVj{z)) 


, 1 =2 
H~^ 


j ^x{z'){dlvj{z'),dzVj{z')) dz' 

+ j ^ x'iz'){dz>Vj{z'),dzVj(z'))^_idz' 

^ J x{z'){Aj{Fo - aAv + jSVdzV - xdzv),dzVj)^_idz' 

+ j ^x'iz'){dz'Vj{z'),dzVj{z'))^_idz' 

+ ||div,r(aVu + l3dzv)\\L2(^j.H-i) 


<Ccj 


Fq 1 


+ \\S/aS/v FVBdzV + xdzv\\~^, i 


+ l|Va;,2U||^2(/xR,d) j ll^zt 

with ||{cj}||^i < 1, which implies that 






2(7) 


□ 


The same estimates hold for z G [—1, —^] by a similar cut-off argument. This gives 

which implies the desired result. 

Remark 4.8. If rj £ for s > I -|- 1, then we have 

< C(||r/||//s,ho)(||Fo||^-i^^^ + 11^^11771(5))- 

3 _ 

Indeed, we have Va,'V(I,x G R®“2(5), which implies by Lemma 2.10 that 

IjVaVu + Vpdzv + < C'(||?/||77-,/io)||Vc,,2u||i^2(5). 

The following elliptic estimates will be used to estimate the velocity in the proof 
of well-posedness. Here and in what follows, we denote by Pa,n = C'(||r/||/fa) an 
increasing function depending on /iq, which may be different from line to line. 

Let us first recall the following elliptic estimate for tangential derivatives, which 
has been essentially proved in [3]. 


24 


CHAO WANG, ZHIFEI ZHANG, WEIREN ZHAO, AND YUNRUI ZHENG 


Proposition 4.9. Let v G L[^{S) be a solution of (4-11) in S with v{x,0) = f{x) 
and v{x,—l) = fb{x). Assume that rj G for s > | + |. Then for any 

fj G s — it holds that 

II — -Ps,r;(||Va;^z'l’||j;,2(5) + || (/j/b) ||^o-+^ + 11-^0 ||l,2(j-.jy(T-l)) , 

x,zV\\< Ps,r]{\\'^x,zV\\i2(^g'^ + ||/||^,j+l + 11-^0 ||l2(/:H'<^-1)) ) 

for any a G (—1,0). 


Now we present the elliptic estimate for full derivatives. 

Proposition 4.10. Let v G L[^{S) be a solution of (4-11) in S with u(3:,0) = f{x) 
and v{x, —1) = fb{x). Assume that rj G for s > | + |. Then it holds that 

||Va;,2u||^s-^^j^ ^Ps,ri{\\'^x,zV\\j^2(g-^ + \\{f,fb)\\H‘ + ||Po || • 

We need the following lemma. 


Lemma 4.11. Let a = s — ^ and ai = a— [cr]. Then for any positive integer k < [a], 
there holds 


\\d^ ^{aAv + /3 • Vd^v - 7d^v)\\L2(^j.H-i) 

< Ps,r](^\\{D)'^^'Vv\\jjk(^^^ + dzn\\jjk-i(^-^'^ + IIV3;^^u||^oo(5) 

+ \\{D)'^^~^^Vx,zV\\Lf={r,L^) + \\{P) x,zV\\Lf>{I-,L'2)^ ■ 

Proof. For A; = 1, we have by Lemma 2.11 and Lemma 4.4 that 

llaAu + /3 • Vd^v - 79^'f^llL2(/;//ai) 

< C(||(a - l,mL^ + l)\\{DrVv\\H,(s) + ll7ll^^(,^^-i)IIP)"^+"5,u||^,(5) 

+ C'||V3;,2,^11^00(5) (II (a - 1,/3 )||l2(/;H1+'^1) + 11711 L 2 ) ) 

A .fs,?7(||Va;,2:U||j^oo(5) + || Vu || (5) + || (Ll)‘^^^2 (9^t;||^2(5)) . 

Here we used ui + | < s and s > | + |. 

Next we consider the case of A; > 2. Let {v,a,j3,^) be an extension of {v,a,l3,'y) 
to so that 


||^3;,z'b’||H‘^(R‘*+l) — ^ll^a;,z'b’||/^o-(5)) 

IK® “ 1)/3)||h<^(R 4+1) < C'lK® “ 1)/5 )IIr<^(5)’ 

I|7||r<^- 1(R4+1) ^ ^ll7lli^<T-i(5). 

Using Bony’s decomposition (2.3), we write 

pvd,v =T^Vd,v + + R(p, Vd,v) 

=T-^VdTv + d.TsjPp - T^M + ^dLv), 
from which and Lemma 2.14, we infer that for any e > 0 

||/3V(92;r'||/ffc-i.<Ti < C(||/3 ||loo + ||(i7)'’'i+^/3||^oo(j^.j;^2) + |Kll)2/3||j;^oo(R^.^2))||Vu||j^fc,ai 

+ C'(||Va;,2'b’||L°o + |K.C))'’'1 ’''^Vu||j,oo(pj^.£, 2) + 11(11) 2 Vu||ioo(p_.j;^2)) 11/3 11 . 
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Due to cJi + e + 1 < s for some e G (0,1] and s > | + |, it follows from Lemma 4.5 
that 

||/3||l°o + I3\\l<^ (JI.L 2 ) + 11(D) 2/3||^oo(r.j;^2) + < Ps,r,- 

This shows that 

11(D) ^{P'S/dzv)\\jjk-i(^g-j < D5,»?(II(D)*^^+ II 

+ ||(D)"i+^Vu||^oc(,,^ 2) + ||(D)iVu||i^(,,^2)). 

Similarly, we have 

11(D) ^ (oAu)II(11(D) + IIV3;,2:t’112,00(5) 

+ ||(D)'^l+^Vu||iOO(2;i2) + ||(D)iVu||iOO(2;i2)). 

While, we can see from the proof of Lemma 2.14 that 

+ D(||Va;,2T||Loo + \\{DY^^’^dzV\\L'^(Yl-L'^) + 11(D) 2 5^T||j;,oo(r. 2,2)) llTlIjyfc-l.ai . 
We know from Lemma 4.4 and Lemma 4.5 that 

+ II(^>%IIl2 + ||7|Ih-L^i < Ps,,- 

Then we infer that 

11 111122^-1(5) A Ds^^(||(D)'^^(92i;||^j,_i + ||Va;,2;u||2^oo(5) 

+ II(D)'^^’'''^i92U||2,oo(/. 2,2) + ||(D)252U||2,oo(2.2,2)). 

Summing up the above estimates, we conclude the lemma. □ 

Proof of Proposition 4.10. Let a = s — Proposition 4.9 ensures that 
11 112,00 (2.22'"-^) + II^3;,2 Ii||l2(2;2?<7) 

— Ds,r)(||Vx,2'I’||2:,2(5) + IK/)/fe)||^CT+^ + I|Do||l2(2:2I>7-1)) . (4-15) 

Assume that for 1 < < [u] — 1, there holds 

ll^x^ '^lll,|(2;H<7-«) <Ds,r; (II Vx,2^11^2(5) + || (/)/b) ||^<t+^ + II-^0II21 < 7-1 (5)) ■ (‘^•16) 

We will prove that the inequality holds for i = [u] = k. Let ui = a — k. Using the 
equation (4.11) and Lemma 4.11, we deduce that 

II^2^^^^IIl2(/;R-i) < \\d^~'^{aAv + (3 ■ Vdzv - 752^^)||l2(7;H-i) + ||5^"^Do||l2(2;2i-i) 

^V?;||^fe(5) + ||(D)'^l + 2 9^t)||^j,_i(g-) + l|Va;,z'y||^^(^,^<T-l) 

+ II(D)'^^’'’2 V3;,2U||2,oo( 2;2,2) + 11(D) 2 Va;,2L’||LJo(7;L2)^ + ||Do|l2I'7-i(5)- (4-17) 

Note that cri + 4 <cr — < a — This together with (4.15) and (4.16) ensures 

that the inequality (4.16) holds for i = [cr]. 

Using Lemma 2.13, Lemma 4.5 and the interpolation, we obtain 

l|52^^^^lliL-i(5) + (3 -VdzV - + ||92”^Do||j:^.i(5) 

APs, 2 (ll^^ajjzL’II/lfc-i+o'i (5) + ll(D)292u||j^fc_i+o-i(5)) + ||Doll2?°'-i(5) 


< P 

— ^ ^iV 
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<Ps,'n{\\y x,zv\\ + \\dl'^^v\\i,2^.H'^x)) + ||Fo||j|^a-i(5), 

which together with (4.15) and (4.17) implies the proposition. □ 

4.4. Tame elliptic estimates. To prove the break-down criterion, we need to es¬ 
tablish the tame elliptic estimates. In this subsection, we assume that ry G (R-^) 
for s > ^ -|- 1. 

The following elliptic estimate will be used to estimate the Drichlet-Neumann op¬ 
erator and the pressure. 

Proposition 4.12. Let Iq = [a,0] for a G (—1,0). Assume that v G is a 

solution of (4-11) in S with v{x,Q) = f{x). Then there exists an interval Ii C (—1,0) 
so that for all a £ [~ 5 ) ■s — 

II Va;,zU||x'J(/o) — L'^(S) P II/IIh‘^+ 1 + 11-^00 ||y‘^(7) + ||Go||x'^(7) + ||??||^s+^ II^3;,2 '^IIlcx)(5)) • 

Here 5 = R'^ x Ii. Moreover, if a < s — ||Va;, 2 u||^oo( 5 ) can he replaced by 

\\^ x,zV\\Lf>{h-,C°)- 

The proof of the proposition need the following lemma, which can be proved by 
using Bony’s decomposition. Lemma 2.16 and Lemma 2.18. Since the proof is almost 
the same as those in [32], we omit the details. 

Lemma 4.13. Let Ji C / 6 e an interval and S = x Ji. For any a < s — it 
holds that 

11-^1 ||y<^(/i) < Kv{\\^M\Ll{h-,H'^) + ||5z'(^|lioo(5)||^||^s+i)) 

11 -^ 2 ||y<^(/i) ^ -fi"r 7 l|Vx,zu||^oo^^^ llryll^^^ 1 , 

||P3l|y<^(/i) < for any u G R. 

//fj < s - ||Vj;,^u||^oo( 5 ) can be replaced by \\'^x,zv\\L-^(iy^co)- 

Proof of Proposition 4.12. As in [3], the proof uses the induction argument. 

Suppose that there exits L 2 = [^0,0] C Li with ^0 £ (“l^o) such that for some 
a G [—|, s — ^), there holds 

||Va;,zU||x'^(/2) < -K'r;(||Va;,zU||^2(5) + H/HiR^+l + ll-PoO ||y‘^(/) + 11^0 ||x‘^(7) + Ihll^s+l II2^11^00(5)) • 

This is indeed true for u = — ^ by Lemma 4.7. We will show that the above inequality 
still holds when a and L 2 are replaced by cr + di and I 3 , where a + 5i < s — ^ with 
di G (0, i], and Is = [^i,0] with = ^0 + ^{a - f,o) G (Co,a)- 

Let X be a smooth function such that x(Co) = 0 and x{z) = 1 for z > ^ 1 . Set 
w = xi^){dz — Ta)v — xiz)Go. Then w satisfies 

d:,W - TaW = F', w{f,o) = 0, 

where F' = x(^)(-^oo + Pi + P 2 + P 3 ) + x'{z){{dz - Ta)v - Gq) + x(z)PaGo- 
We deduce from Proposition 2.6 and Lemma 4.6 that for 5i < |, 

11(92 ~ PA)'(^|li2(/2;H‘^+'5i) < Pr;|| Va;^2'y|lL2(/2;H'^+^l)’ 
which along with Lemma 4.13 gives 

||P'||y<T+5i(j2) <||Po||y<^+'5l(/2) + -^»?I|G*o||x<^(/2) 

+ Pr?(ll^a:,2'y||L°o(72XR‘^)ll^ll^s+l + IIllx-^(/2)) ■ (4-18) 
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Then it follows from Proposition 3.1 that 

II^IIa:‘^+'*i(/2) — -^»7II-^IIy‘^+'’i(/2) 

< -f^r;(||-fo||y>'+<5i(/) + \\Go\\x‘^{I) + \\'^x,zv\\x'^(l 2 ) + L°° (/2 x R^) 11^ ll^s+l ) • 

(4.19) 

To obtain the estimate of v, we consider the backward parabolic equation 
d^v-TAV = w + Go in/a, v\^=o = f. 

Take V to the equation of v to get 

(d^ -Ta)Vv = V{w + Go) +Txav, Vu| 2 =o = V/. 

By Remark 2.8 and Lemma 4.6, we have 

Then Proposition 3.1, (4.19) and the induction assumption ensure that 

||Vu||jfa+5i(j3) < Kri{\\w\\x^+Sl(I^) + l|G'o||jSs:‘^+'*l(/ 3 ) + II/IIh‘^ + i+'5i + ll^'f^llL2(73;H‘^+'5l)) 

^ + 11-^0||y<^+'5i(/) + I|Go|Ix‘^+'5i(L3) + W'^XA'^Wx'^ih) + \\'^X,z'>^\\L°°{l2X'Rd.)\\'n\\ 

< (II Vx,21^11x2(5) + ||/|lH<T+il + l + ||-fo||y<^+'5i(/) + I|G'o|Ix'^+'5i(/3) + \\'^X,zV\\L°°{l 2 Xll<i)\\v\\■ 

The same estimate holds for dzV by using d^v = Tav + rc + Gq. 

In the case when u + < s — ||V 3 ;, 2 I^||loo(/ 2 xR<^) ™ (‘^•18) can be replaced by 

ll^a;, 2 ^’||Lj°(/ 2 ;Bgo oo) Lemma 4.13, and so does the final result. □ 

The following elliptic estimate will be used to estimate the velocity in the proof of 
break-down criterion. 

Proposition 4.14. Assume that v S H^~^ 2 (^S) is a solution of (4-11) in S with 
v{x,0) = f{x) and v{x, —1) = fb{x). Let k = s — ^ be an integer. Then it holds that 

IIVx.z'W||//fc(g') ^ x,z''^\\l‘^(S) Wif 1 fb)\\H‘‘ 

+ 11-^0 Ili^fe-i(5) + ||l?||^s+^ ll^x,z^^|li;,oo(' 5 ))• 

Let US first present the tame estimate for the tangential derivatives. 

Lemma 4.15. Assume that v £ is a solution of (4-11) in S with u(x,0) = 

f{x) and v{x, —1) = fb{x). Then for all a G [—^, s — ^] , it holds that 

II VxjzL’II A'^(/) ^ x,zV\\];^2(g'j + || (/)/ft) IIro'+i + l |-?^0 ||y°'(/) + ||??||^s+.^ Il^a;, 2 'l’|| /.ooj'g')) . 

Proof. Because the proof is similar to Proposition 4.12, we just present a sketch. 

Assume that for some a £ [—^, s — there holds 

II Va;,2'y Ilx°'(/) — (II Va;,2u|| + H/Hro'+i + ||-^01|y*^(/) + ||7/||^g+l || Va;,2'l^|lx,oo('5)) . 

We show that the above inequality still holds when a is replaced by u -|- 5i, where 
cr + (5i < s — ^ with (ii £ (0, |]. 

Let X be a smooth function such that x(“l) = 0 and xi^) = 1 for z G [—^,0]. Set 
w = xi^)idz — Ta)v. Then {w,v) satisfies 

dzW-TaW = F, w{-l)=0, 
dzV - Tav = w, u(0) = /, 
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where F = xiz){FQ + Fi + F 2 + F 3 ) + x'{z){dz — Ta)v. Using the same argument of 
Proposition 4.12, we can deduce that 

||Va;,2U||jYa+5iQ_1^0]) 

— II/IIh°'+^i+i “I" 11 -^ 0 IIyo'+'5i(/) + ll^x,z'J^|| j;,oo(- 5 ) ||??||^s +1 ) • 

On the other hand, the equation (4.13) can also be decoupled into a backward and 
forward parabolic evolution equations, i.e., 

{dz - TA){dz - Ta)v = Fo + Fi + F 2 + F 3 , 

where 

F 3 = {TATa - TaA)v - {Ta + Fa + T/J • V)dzV - Ta^aV. 

Now we let x be a smooth function such that x(0) = 0 and xiz) = 1 for z S [—1, —b]. 
Set w = x(z)(dz — Ta)v. Then {w,v) satisfies 

dzW — Taw = F, t(;(0) = 0, 
dzV-TaV = w, v{-l) = fb, 

A similar argument ensures that 

— -^*7 (|I^3:,2'^IIi, 2('5) + ll/ftll J^<T + ii + l + ||Fo ||yo- + «i + II V3;,2 U||j^oo( 5) ||??||^s+.^ ) • 

This together with the estimates in the interval |, 0] gives the lemma. □ 

Proof of Proposition 4.14. Lemma 4.15 ensures that 

II(/!/ 6 )IIh« 

+ 11-^0 ||l 2 (/:H'=- 1 ) + ll^ll^s+^ ll^a;, 2 '^llL°o( 5 ))- (4.20) 

Let us assume that for 0 < f < A: — 1, there holds 

l|Vit>k2(/;^f.-0 <^,(l|V.,2r;|lL2(5) + \\ifJb)\\HS 

+ ^ ll^l^-^O 112,2(5) + ||?7||^s+^ II Va;,2^^|l2,°o(5)^ • (4.21) 

Next we show that the inequality holds for i = k. Using the equation (4.11), we 
get 

< ||5rH«Au + /3-V5,u-752r;)IL2(5) + ||5,"-iFolli2(5). (4.22) 

As in the proof of Proposition 4.10, let {v,a,/3,x) be an extension of {v,a,/3,x) to 
keeping the corresponding Sobolev norm. We infer from Lemma 2.11 that 

||(c(! — 1 )AuII 22*:—1 ^C*||o — 1 || 2 y°°IIIIT C*||Vull 2 y°°||cr — IHh*^ 

<C\\a — l|| 2 ,oo( 5 ) ||V^u||^fc_i( 5 ) + C'||Vu||^oo( 5 ) ||a — l|l22fc(5) 

Similarly, we have 

||/3V92:U||22*;-1 < 1^11/3112,00(5) Il^^x,2'^^|l22fc-1(5) + C'll^x'^^ll L°°(5) II'^IIh'*:(5) ' 

Using Bony’s decomposition (2.3), we write 

Xdzv = T^dzV + Ta^vl + R{dzV, 7 ). 
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It follows from Lemma 2.2 that 

with ||{cj }||^2 < 1. Then Lemma 2.4 ensures that 

\\T^d^v\\Hk-i 1 ^II(L>)5 . 

By Lemma 2.10, we have 

II^9zT7|Ih''=-i ^ C'll^2^llL°°(5)ll7ll_Hfc-i(5)) 
and for k > 1 , we have 

||I?(<92:n, 7 )II< C'||(92:n||^oo(5)||7ll/f*:-i(5)- 
This proves that for A: > 1, 

ll 7 ^z'^^lliL*:-l ^ C'||cl^n|| lca(g'^ II 7 |Ih'=- 1 ( 5 ) ^ 11711 ^ 007 .( 7 - 2 ) II ^^^'^11 ( 5 ) ■ 

For A; = 1, it is obvious that 

ll7^^'y||L2 < C'll7llLi(/;L°°)II^J:^llLj°(7;L2)- 
The above estimates together with Lemma 4.4 and Lemma 4.5 ensure that 
\\dl-^{al:^v + 13 ■ Vd^v - 7'92u)||^2(5) 

^ C*!! V3;,zn||7^00(5) (II (<T — 1, f3)\\jjk(^'j + Il7ll/ffe-i(5)) + C'll (®) /5) II L°°(s) ll^^3;,z'*^lliLfe-i(5) 

+‘^ll7lli2(7;L-)ll'9.Il||L-(/;L2) 

< C^II^Xjz'yll j;,oo(-5) II^IIh® 3- K^(\\'Wx,zV\\]^k-l(^g'j + \\{D)^dzV\\^k-l(^g'^ + ||<92'f^||LJ°(/;L2)) , 
from which and (4.22), we infer that 
II^2’^^^IIl2(5) < C\\Vx,zV\\L<^(s)\\r]\\H» 

+ Krj(^\\'Wx,zV\\Hf‘-T-(s) 3~ II (-^) ^52'l'||j^fc-i(5) + II'92 '^IIlj°(/;L2)) + -^0 117,2(5)- 

which along with (4.20) and (4.21) implies the proposition by the interpolation. □ 

4.5. Elliptic estimates in Besov space. In this subsection, we present the elliptic 
estimates in Besov space which will be used in the proof of break-down criterion. 

Proposition 4.16. Let Jq = [a, 0] and Ii = [6,0] with b < a. Let g G [1, oo], r G [0, |]. 
Assume that v G X'^{Li) is a solution of the elliptic equation 

d\v -|- oAu -|- (3 ■ VdzV — 'ydzV = Fqo + dzGo in S 

with n(x, 0) = f{x). Then it holds that for any (5 > 0, 

I|Vx,2I^||aj(/o) < ^v{\\f\\B^f + ll-^oollyj-g) + IIGqIUj)/) 

+ + II'^^.^^IIz2777,.c-§))' 

Here X^iLo) = Lf{Lo-,Bl,^^). 

Let us recall the following lemma from [32], which can be proved by using Bony’s 
decomposition (2.3), Lemma 2.17 and Lemma 2.18. 
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Lemma 4.17. Let Iq = [a, 0] and Ii = [6,0] with b < a. Then for any r < and 
g G [l,oo], it holds that 


|Fi 


1 <K„(\W:r:.zV\ 


+ \\dzV\ 


' "—"LTHo-TZh 


+ IjVa; z'wj 


Ll{h\Io\C-^)) 


11 ^ 21 ! 


<KJ\W^.v 




1 


+ IIVx.z'l’ 


>^'"llL2(/i\7o;C-2) 


“f O ’ 




-§))• 


Proof of Proposition 4.16. Let x be a smooth function supported in Ii and xi^) = 
1 for z G Iq. Set w = x(z)(dz — Ta)v. Then {w,v) satisfies 

dzW — TaW = F, w{b) = 0, 

dzv - Tav = w in [a, 0], u(0) = /, 

where F = xiz) (Too + dzGo + Ti + T 2 + T 3 ) + x'{z){dz - Ta)v. 

Let wi = w — xiz)Go. Then rci satisfies 

dzWi - TaWi = F - dzixiz)Go) - x(^)TaG'o, wQ)) = 0. 

Then Proposition 3.2 together with Lemma 4.17 and Proposition 2.7 ensures that 

ll'»^ - G'oIUj^jTo) <Tr,(||T - x{z)dzGQ\\Yr(^i^) + ||Go||xj(/i) + ll^llz2(7i;C-«)) 

(11-^00 l|yj-(/) + IIGollArTi) + l|Va;,2^|| 


LT(h-,Boo,f) 


Note that {dz — TA)Vv = V{w — Gq) + VGq + Tsjav on Iq. It follows from Proposition 
3.2, Lemma 4.6 and Remark 2.8 that 


l|V»||x;(,„) < K,(ll/llflS;! + 11“ - 


'-4, 


< ^v{\\f\\B^+l + 11-^0011^(7) + I|Go||a:j(/i) + II^3:,2^^| 


Lf>{Io-,B^,f) 




'Ll{h\Io-,C-^)J 


The same estimate for dzV can be deduced by using dzV = Tav + w and Proposition 
2.7. Thus, we obtain 


x,z'^\\xUIo) 


B5+9 + 11-^0011 yj-(7) + I|G'o||x-(7i) 


+ llVx.zr’l 








-fO- 


This together with the interpolation inequality 


|Va;, 2 U| 


Lf‘{Io-,Boc,fr\C-^) 


< Kj^\\S/ x,zV\\Lf>{lQ-,C-^) + \\'^x,z'>^\\Lf>(Io-,B^^^) 


implies the proposition. 


□ 
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4.6. Interior estimate. We consider the elliptic equation 

= <^^'^x,y9 in S. (4.23) 

Given a point Xq = (xo,?/o) S R'^ x R, let BriXo) be a ball of radius r centered at 
Xq. We have the following interior W^’’^ estimate. 

Proposition 4.18. Suppose that 4> £ H^{S) is a solution of (4-23) with g G U‘{S) 
for p > 2. Let Ix = [—1 + cihQ^g{x) — C 2 / 10 ]; where ci,C 2 > 0 and ci + C 2 < 1. Then 
there exits > 0 depending only on ||r 7 ||(^i+e ,/iq and ci,C 2 so that Bs^{Xq) C S for 
any Xq G {(x, y) : x G R'^, y G Ix} and 

II</'IIwLp(R5i/2(W)) ^ Krj{\\g\\LP{Bs^{Xo)) + x,y4>\\L2(Bs^iXo))) ■ 

Proof. Given any point Xq G R'^ x Ix- Let cj) he a solution of the elliptic equation in 

BsAXo)- 

= diVx,yg in Bs^{Xo), '^\dBs-^{Xo) = 0 - 
The classical elliptic estimate ensures that 

\\(p\\w^’P{Bs^{Xo)) < C'(<5l)||fi'llLP(B5^(Ao))- 

Then by using the interior gradient estimate of the harmonic function (f — (f, we 
deduce that 

ll</’llwnp(B5j/2(Xo)) -1>\\w^’P{Bs^/2{Xo)) + \\4>\\w^’P{Bs^/2{Xo)) 

<C{di){\\Vx,y{(l) - (I))\\l^{Bs^{Xo)) + \\4>\\w^’P{Bs^{Xo))) 
<C{5i)[\\Vx,y(p\\L‘2(Bs^{Xo)) + llfl'llLP(B5j(Xo)))- 
The proof is finished. □ 


5. Dirichlet-Neumann operator 

In this section, we assume that g G G 2 '’'^(R'^) for some e > 0 and satisfies (4.1). 
We will use some notations from section 4. 

5.1. Definition and paralinearization. We consider the boundary value problem 

( 'll '^’-n P'l) 

4*\y=r){x) J 1 4*\y= — l 0* 

where S = {(x,y) : x G R'^, —1 < y < y(x)}. Given / G R 2 (R‘^), the existence of 
the variation solution cf with Xx,y(l> G L‘^{S) can be deduced by using Riesz theorem, 
see [3] for example. Moreover, it holds that 

\\'^x,y4>\\L'^{S) < C'(ll^llvUi’°°) ^ 0 ) 11 / 11^1 • (5.2) 

Let g G R*(R'^) for s > f + I • This together with Proposition 4.10 yields that for 
any a G [-|,s - 1], 

(5.3) 

Definition 5.1. Given g,f,4> as above, the Dirichlet-Neumann(DN) operator G{g) 
is defined by 


G{g)f = ^Jl + \yg?dnct>\y^^. 
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The DN operator is a positive self-adjoint operator. More precisely, for any /, 5 G 
Hi (R'^), we have 

{G{r])f,g) = {f,G{r])g), 

£2 ^ 

In terms of (/), the Dirichlet-Neumann operator G{t]) can be written as 

'l + |Vp5|2 


G{v)f = 


dzPs 


-dz4> - '^Ps ■ V 


2=0 


Following [3], we first paralinearize G{p). We set 

l + |Vp5p| 


Cl = 

It is easy to show that 


dzPs 


I 2=0’ 


C2 = 


IICl — IIIh"-! + IIC 2 ||h'’-i < 

Using Bony’s decomposition (2.3), we decompose G{g) as 

G{p)f - 1 ) + R(Ci - 1 , dj) - 

Replacing dzcj) by TA(t>, we get 

G{p)f = Txf + Riv)f, 

where A = Ci^ — fC2 • C|^=o 


(5.4) 


^ = 2 (-*/5 • C + V4a|CP-(/3-C)2), 
and R{p) is the remainder of DN operator given by 
R{g)f = [{T^,Ta - T^,a)^ - Tc, {dz - Ta)^ 

+ {S2{dz^) + Tg^^iCi - 1 ) + R(Ci - 1 , dz^) - • C2 - R(V^, C2)) 

^R,{r,)f + R2ig)f + R^{g)f. 


(5.5) 

(5.6) 


2=0 

(5.7) 


5.2. Sobolev estimate of the remainder. In this subsection, we present Sobolev 
estimates for the remainder in the case when the boundary is smooth, which will used 
in the proof of the uniform estimates of the approximate solutions. 

Proposition 5.2. Assume that g G F7®(R'^) for s > ^ -|- 2. Then it holds that 

\\R{v)f\\Hs-i<PsJf\\H‘-i. 

Proof. Thanks to the fact that for s > | -|- 2, 

m0(Ci)+A4}(aI) 

we deduce from Proposition 2.6 and (5.3) that 

I|-Ri(^)/IIh''>-i < Ps,j?||/||_Ho-l- 

By Lemma 2.10 and (5.4), we have 
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For we get by Lemma 2.10 that 

||-R2(i?)/||h's-i < Ps,ri\\{dz ~ ^A)</’|lioo([_i Q].jys- 1 ). 


(5.8) 


— \ \\Pi 


While by the proof of Proposition 4.12, we know that w = x(^)(5^ — Ta}4> satishes 

dzW — TaW = F', ti'(—1) = 0. 

where F' = x{z) [Fi +F 2 +-F 3 ) +x'iz){dz — TA)4‘ x is a smooth function satisfying 
x(— 1) = 0 and x(^) = 1 for ^ G 0]- Then it follows from Proposition 3.1, Lemma 
5.3 and (5.3) that 

11(^2 ~ Th)</’||jis:=-i([-i,o]) —l|rr'||x®-i(7) 

2=1 ^ 

which along with (5.8) gives 

Putting the estimates of Ri{r])f together concludes the proposition. □ 

Lemma 5.3. Let s > | + 2. It holds that for i = 1,2, 3, 

l|Ti||^ 2 (^.^s-§) ^ Ps,rj\\'^x,z4>\\x‘‘-^{I)- 
Proof. Recall that Fi = It follows from Lemma 2.13 that 

FPs,r]\\^ x,z4>\\x‘‘-‘^{I)- 

Recall that 

F2 = {Ta - a)A^ + {Tfi - P) • 

Then we get by Lemma 2.10 that 

<C||Vx,2^||l-( 1 + ||a - 

^Ps,rj\\'^x,z(f\\x’‘~^{I)- 

Recall that 

F 3 = {TaTA - TaA)^ - {Ta + • V)9^^ - Tq^a^- 

For s > ^ + 2, we have 

Ml{a) + M\{A) < Ps,r,. 

Then we deduce from Lemma 4.6 and Proposition 2.6 that 

l|T3||^2(7.j:^s-i) — Ps,ri\\^ x,z(f\\x^-^{I)- 

The proof is finished. □ 
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5.3. Tame estimate of the remainder. In this subsection, we present tame esti¬ 
mates for the remainder in the case when the boundary has more one half derivative 
than /. The result will be used in the proof of the break-down criterion. 

Proposition 5.4. Assume that rj e for s > | + 1- Let Ii be as in 

Proposition f.l2 and S = x Ji. It holds that 

|h® + II Va,,2</’||^oo(5-) ll'^ll „s+i ) ) 


||R(r/)/||^._i < 

||R(^)/||h-i < Kr, 


_1 + ||Vx, 2 (^||Lg°(/i;C 0 )| 






)• 


Proof. Note that A G Fl (I x R'^) and Ci G r9 (R'^) with the bound 

2'^ 2 "*”^ 

M\^^{A) + < K^. 

Then we get by Proposition 2.6, (5.4), Proposition 4.12 and (5.2) that 


(5.9) 


<Krj[\\Vx,z4 ’\\+ II/IIh® + II V3;,2i;^||lj°(7i;C 0) ll^ll 




\Hs + ||Va;,2(/'||Loo(/^.c'0)||r/||^^_^i ). 

Similarly, we deduce from Lemma 2.10 that 

2V^llLoo(5)|h||^s+^ + II^ 2 </’IIlj°([ 2 ;o, 0 ];H'>- 1 ) 
+ \\'^x,z4>\\ioo0'^\\'n\\fjs+^) ■ 


<Kr, 


||R3(r/)/||^._i <K,||V,,, 


<K^ 




While by the proof of (4.19), we see that 

a;, 2 V^llx®-l([ 2 o, 0 ]) + ||Va;, 2 <; 


11(52-^4)011 . 1 <iF„(||V2 


<iF,(||/||j,» + ||V,,,, 0 ||^^( 5 )| 




L°°(5)l 

)• 




Then we get by Lemma 2.10 that 

||R 2 (r?)/||^._i <iF,||(5.-rA)0|| 


<Kr, 


L-([2o,0];H'’-7) 

11 “ + ||Va;,20||r,OO|',G'lll^lL,-s+4)- 


This completes the proof of the first inequality. The second inequality can be proved 
similarly. □ 

5.4. Holder estimate of the remainder. 

Proposition 5.5. Let Iq = [—^,0] and Ii = [—f,0]. It holds that for any 5 > 0, 

\\R{'n)f\\u^ < -^r7(||/||ci + \\'^x,z4>\\l<^(^i^.c-^) “*■ 

Proof. Thanks to (5.9), we get by Proposition 2.7 that 

||Ri(r/)/||^i <iF,||V0||i^(,3.co). 

We can see from the proof of Proposition 4.16 that 

11(5^ ~ - ^»7(ll^a;,20|||;oo(/Q.cO) + Il^^.^^llz2(jj\jg.c.-f))> 
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which together with Lemma 2.10 gives 


, 1 < KJ 




+ l|Va; 




By Lemma 2.10 again, we get 

\\R3ir])f\\^l < Krj\\Vcc,zHLf>(I-cO)- 
This together with Proposition 4.16 shows that 




+ liv 


<Kr, 


+ + l|V 


x,z4>\\l2 ))■ 


This finishes the proof. 

6. New formulation and paralinearization 


□ 


6.1. New formulation. First of all, we derive the evolution equations for the free 
surface and the trace of the velocity on the boundary. We denote 


Qj — dyP\y=rji 


Vb= 


'y=v 
C = V7?. 


\y=-V 


B = 


'y=v' 


( 6 . 1 ) 

( 6 . 2 ) 

(6.3) 


Using the fact that for any function / = f{t,x,y), 

{dt + V- V)if\y=rj) = [dtf + V • V,,,/) 1^^^, 
we deduce from (1.1) that 

{dt + V ■V)B = a-l, 

{dt + V- V)U + aC = 0, 

{dt + Vb • V)Vb + VP\y=-i = 0. 

Let uj be the vorticity of the fluid, which is defined by 

^ M l<^,j<d+v 

The motion of the fluid is determined by the vorticity equation 

ujt + V ■ Vx,yUJ = uj 0 yx,yV in VLt- 

Here (w ® Vx,yv)i,j = uJk,idjV^ + Ukjdtv^. 

The velocity v can be recovered from the vorticity uj by solving the elliptic equation 

^x,y'^ — ^x,y ^ ^ in r\ 

v\y=y = {V,B), n|j,=_i = (Ufe,0). 

where uj = i<ti j<d+i ~ dx+^ — dxjV^. The pressure P of the fluid is 

determined by solving the following elliptic equation: 

I - Ax,yP = div^djv" in Qt, 

\ ^\y=v ~ ^y^\y=-3 ~ 

We decompose the velocity v into the irrotational part vtr and the rotational part 
Voj, i-e., 

^x^y^ir — b ill fl/;, 


(6.4) 


( 6 . 6 ) 


■Jir\y=r] 


=f} — (V", B), yir\y=—l — 0, 


(6.7) 
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and 


/ ^x,yVuj — ^x,y X CJ in 
\ — 0, V^\y=—\ — (Vb,0). 


It follows from (1.4) that 


{dt + V ■ V)C = VB- 


Then a direct calculation yields 


j 


( 6 . 8 ) 

(6.9) 


dxiB - dxiVjdx^ij 

= - d^.r]{d^y + d^.rjdyV^) 

= {dyv^- - d^.v" • 9^.7?) + dxiri{dyv'^^^ - dxjVdxjV'^"^^) 
+ (wj,rf+i - da;^r]UJij + ^x^T]^XJr]UJj^d+l) 

= {dyvlr - d^.vl • da:^r]) + da;,v{dyvf^^ - 5^;. T/S^; ■ 

+ {dyvl - dx^vl ■ 5a;.r/) + da:ir]{dyV^-^^ - 
+ {uji^d+i - da^^rjuiij + dx^T]da,jr]UJj^d+i)\y^y 

= G{v)Vi + d,,vG{v)B + Rl, 


where 


K Hdyvl - dxjvl • d^.rj) + d^,r]{dyvt-^^ - 

{^^i,d-\-l dxjTfUJij -\- dx^TfdxjTJCOj^d-i^i^ 

Thus, C = V ?7 satisfies 

{dt + V- V)C = G{r])V + CG{r,)B + R^. (6.10) 

The term R^^ induced by the vorticity will lead the system to lose one half derivative. 


6.2. Paralinearization. We paralinearize the system (6.1), (6.2) and (6.10). For 
this end, we introduce so called good unknown U = V + T(^B. Applying Bony’s 
decomposition and (5.5) to (6.1), (6.2) and (6.10), we obtain 

r {dt + Tv-V)V + TaC + Tddt + Tv-V)B = hi, 

\ {dt + Tv-V)C = TxU + h2 + R^, G 

where 

hi = {Tv -V)-VV- R{a, C) + T^Tv - V) ■ VB, 

h2 = {Tv -V)-VC + [Tc, Tx]B + {( - T^)TxB + R{r])V + CR{r])B. 

Let Dt = dt + Tv ■ V. In terms of good unknown, the first equation of (6.11) can be 
rewritten as 

DtU + TaC = hi + [Dt,Tt;]B. (6.12) 

Taking Dt on both sides of (6.12), we get 

D^U + TaDtC = Dthi + [Ta, Dt]C + Dt[Dt,Tt;]B, 

which along with the second equation of (6.11) gives 

DjU + TaxU = / + /<., 


(6.13) 
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where (/, foj) is given by 

/ ^ Dthi + {Tax - TxTa)U + [Ta, A]C + A[A, - AA, A = -AA. 

Similarly, we have 

T TaxC = g + Qu, (6-14) 

where {g,gu)) is given by 

g ^ AA + [Dt,Tx\U + Txih + AAAd^) + (Tax - TxTa)C, g^ ^ DtRa^. 


(7.1) 


7. Estimate of the pressure 
The pressure P satisfies 

j — Ax^yP = di{v^djV^) = diV^djV^ in Qt, 

\ ^\y=v ~ 1*’ ^y^\y=-^ ~ ~1- 

Here v is the velocity. In this section, we denote Pi = P + y. 

7.1. A estimate of the pressure. 

Lemma 7.1. Let P be a solution of (7.1). It holds that 

x,yPl\\L^(nt) A (II + || 7 /||^l)- 

Proof. Let ri{t, x, y) = for y < r]{t, x), where x is a smooth function 

satisfying x(0) = 1 and xiu) = 0 for y < —l + ho/2. Then P 2 = P + y — g satisfies 

j - Ax^yP 2 = Ax^yrj + diiv^djv^) in Lit, 

\ A|j/=r7 = 0, dyP2\y=-l = 0. 

Thanks to r;'^+^L=_i = 0, we get by integration by parts that 


'Q.t 


\Vx,yP2\^dxdy = / {Ax,yg +didj{v^v'^))P2dxdy 


'fit 


[ {djiv^v’^) + dyiv^v'^^^)) ■ VP2dxdy 

J f2t 


- [ dy{v‘^~^^v'^~^^)dyPidxdy - [ Vx,yg ■^x,yP2dxdy 

J Vtf J 

< C'(l|Vx,yIl||L°o(r 2 t)||'l’||l, 2 (Qj) + \\^x,yg\\L‘^{yit))\\^x,yP2\\L‘^{Q.t)^ 

from which, we deduce 

II Va;,j/A||L2(Qj) < ^^(ll V3;^yU||x,oo(Q^) ||'*^llL2(r2t) + ll^3;,j/7llL2(Ot)) • 

Then the lemma follows by uisng the fact that 

\\^x,yg\\L‘^(^nt) < C'dhilwi.-: A)lhll^l- 

This completes the proof. □ 
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Next, we give the higher estimates of pressure: 

Lemma 7.2. Let P be a solution of (7.1). It holds that 

\\'^x,yPi\\m{nt) < K7^{\\'^x,yv\\L°°{nt)\\'^\\m{nt) + llhll^s). 

Proof. Let P 2 be as in the proof of Lemma 7.1. Then P 2 satisfies 

r djP 2 + aAP 2 + P • Vd,P 2 - jd,P 2 = Fo, 

I ^^212=0 = 0, dzP2\z=-l = 0, 

where Fq = adivldjV^ + aAx^yrj. It follows from (7.2) that 


(7.2) 


X 


X 


j_d^P2AP2dxdz + l_a\AP2\"‘dxdz + j_l3 ■VdzP2AP2dxdz 
= / 'ydzP2AP2dxdz + / FoAP2dxdz. 

J's J's 


By integration by parts, we get 


X 


d'iP2AP2dxdz = - [_d'iVP2-VP2dxdz= l_\VdzP2\'^dxdz. 

Js Js 


Thanks to the definition of a, /3, it is easy to see that there exists c > 0 depending 
on ||r?||^i,oo,/iQ so that 

[d^P2AP2dxdz+ [a\AP2\‘^dxdz+ [p-VdzP2AP2dxdz 

•J S J S 'j s 

> c / (IAtXP + \VdzP 2 \‘^)dxdz. 

Js 

Hence, we obtain 

/ (|APi|2 + \VdzPi\‘^)dxdz < 0(1175,^111^2(5) + ||Fo||^3(5))||APi||^,(5). 

J S 

It follows from Lemma 4.4 that 

\\ldzh\\L2(s) < 0||7llLi(/:L-)l|5,P2||Ljc(,,i2) < P, ||a,P21| J, (5) ||5, VPi || J, . 

This shows that for any e > 0, 

11^-^211^2(5) + ||V5,P2|li2(5) <||Po|Il 2(5) +-f^»?l|52:Pl||i2(5) + ells,VP 2 11^2(5). (7.3) 

Using the equation (7.2), we infer that 

+ l|8T2||),p,||Sp2|||,p, + 11^07.(5,). 

which along with (7.3) gives by taking e small that 
W'^ x,zP‘i\\pp,t) (11-^0 Ili;,2(5) + l|5. Pi 11^2(5)) 

—(ll^llj^s + II Va;,j/U||^oo(Q7 II Va;^yU||^ 2 (j 27 + ||5,Pl ||^2(5)) • 

Then the lemma follows by using Lemma 7.1. □ 


I|5^P2 112,2(5) < -^r7(l|AP2||2,2(5) + || V5,P2 ||^2(5) 
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Next let US turn to estimate of {dt + v ■ Vx,y)P — PtP- Using the equation 
(1.1), a direct calculation gives 


Aa; yVtP = dkPAx yV^ + G, 

VtP\y=y = 0, dy'btP\y=-l =V-V^+ dyV^ • VP, 


(7.4) 


where 


G =4:6^^diV^djdkP - 2{dy){djV^)dkP 


=4dk{diV^diP) - 2{div^){djv'")dkv\ 

Recall LOi^k = diV^ — dkv'^. We have 

dkP ■ Ax,yV^ = di{dkPuji,k) - didkPuji,k = diidkP^^i,k)- 
Lemma 7.3. Let PtP be a solution of (7.4)- It holds that 

x,yPtP\\L^{nt) — P x,yV\\];^ca(^Q^'j) (||l^||Hi(nt) + 11^11^3 ). 

Proof. We get by integration by parts that 

[ \Vx,yPtP\^dxdy + / dyVtPVtP\y=-idx 
jQt 

= - [ [A{diV^diP)dkVtP + dkPuJi^kdiVtP + 2{diV^){djV^)dkPVtP)dxdy 
J Of 

+ / {dkP0Jd+i,k)PtP + {diV^^^d,P)VtPdx\ 

— P'{W^ x,yV\\L2(^fi^-^ + \\V x,yV\\];jOo(^Q^'j\\V x,yPl\\L'^(^fl^))\\V x,yPtP\\L'^(nt) 

+ U|| Va;,j,u|| II Va;,yU||i2('Qj) 112?^ P11 j;^2 ) 

+ U||Va;,j,u||x,oo(Qj)||V3;^yPi(-, — 1) 11 £,2 (p_d) 11 Pt P (', —l)||j ;^2 + f V • V^'DtP\y=-ldx. 

Here we used divu = 0. By the boundary condition of (7.4), we have 

[ dyVtPVtP - V • V^VtP\y=-ldX = I {dyv'^ • VP)PtP|^=_ldX 
JRd JR'* 

<||Va;,yU||x,oo(Q^)||Va;,j,Pl(-, -1)11^2 ||PtP(-, -1)111,2 
<Py\\'^x,yv\\L^{nt)\\Vx,yPi\\m{nt)\\PtP\\m{nt) 

Thanks to 'DtP\y=y = 0 so that 

llA-P||L2(Ct) < Py\\PtP\\m{nt)- 

we deduce that 

\\'^x,yPtP\\L^{nt) — PvO- P ll^a;,j/I^|lioo(f^j)) (|| Va;^yPi || + || Va;,yU||^2(Qj)) , 

which together with Lemma 7.2 concludes the lemma. □ 
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7.2. Holder estimate of the pressure. In the sequel, we denote 
A{t) = 1 + ||^^(t)||vEi’°°(Dt) + ll^(^)llH'i(Dt) + \\'nit)\\jj3- 
First, we give the Holder estimate of the pressure. 


(7.5) 


3 
4’ 

II Vx,zH| 

Proof. Apply Proposition 4.16 with Fq = adivWjv^ and Go = 0 to obtain 


Lemma 7.4. Let Iq = [—1,0] and P he a solution of (7.1). Then it holds that 

, l<Kr,A(t?. 


1 , f^iFnfllPbll T2(j.r;0\ + II Vaj^^PlI jcc(j^.r)-S\ + II Va;, 2 P|| j^u.x )) 5 




where Ii = [—|, 0] and <5 > 0 is taken so that —6 + ^ < —|. It is obvious that 

11-^0 IIL2(/.c'0) < K.I^\\Vx,yv\\Loo 

It follows from Lemma 4.7 and Lemma 7.1 that 

\\^x,zP\\L^[If^.^C-^) -ll^a;,zA|l 2 ;oo(/Q.c- 5 ) + \\^x^zPsWl^i^j^.^c-^) 

x,yPl\\L'^{Q.t) + 11-^0 ||l 2(/;L2)) + C'llhlli'^ 


— ^ri{\\'^x,yV\\L°°(^Q.i.)\\v\\Lil(^Qy + 


1 


+ 1 ). 


Take ci,C 2 S (0,1) depending on Kn,a such that ps{x,Ii \ Iq) £ Si = {{x,y) : y € 
[—1 + cihQ,r]{x) — C 2 / 10 ]}. Let di be as in Proposition 4.18. Then for p big enough 
depending on e and d, we have 


IV.r.zP 


+ sup ||V^,j,P||ip(B (Xo)), 

AToSSi 


which together with Proposition 4.18 and Lemma 7.1 implies that 

\\'^x>x,zP\\y2(^I^\I^.C~i'> — + ll^a:,yA||L2(Q^)) + Kr/ 

< K^A{tf. 

Putting the above estimates together concludes the lemma. 

Next, we give the estimate of Vx,zPtP in Besov space: 

Lemma 7.5. Let Iq = [— 1,0] and PtP be a solution of (7.4). Then it holds that 

W'^x,zPtP\\l<^(^j^.B^^^) < Krj{l + ||V3;,z:t!||j;^oo(7.5^^^))A(t)^. 

Proof. We denote 

d 

Ab = ^ di{a{dkPu)~k + ^dkV^dkP)) - 2a{divi){djV^)dkV^ 

i=l 

d 

+ ( - dia){dkPu\k + ^dkV^dkP) 


(7.6) 

□ 


i=l 


- d,ad+i {dkPo:d+i,k + AdkV<^+^dkP) = 4 + Ff + F^ 


(7.7) 
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Go = - ^ ai{dkPuji^k + 4:dkV^dkP) + ad+i {dkPu^d^k + 4:dkV^+^dkP), (7.8) 


2 = 1 


where ai = for i = 1, • • • d and aj+i = Then VtP satisfies 


+ aAVtP + /3 • Va.PiP - ^d,VtP = Fo + d,Go. 

We apply Proposition 4.16 to obtain 

J < iP,,(||Po||YO(7) + II^o||2;oo(7q.b^ j + \\^x,zPtP\\z^(^i^.c-^) 

where Ii = 0]. By Lemma 7.6 and Lemma 7.4, we have 

II^oIIyo(^) + IIGoIIz^(/,.b^^^) 


— '''■’7II '' a;,2:I'll 1,00i) vll ^,y'^\\L<=°{nt) 

“Pi X,z1^\\l^c,o(l.JdO ')^(^) • 

z V ’ 00,1'' 

We get by Lemma 7.3 and Lemmma 4.7 that 

IYPP|lir(/,;c-.) <C||VW> 




(7.9) 


LT{h-,H-h) - 


<Kn{l + ||Va;^j,t>||p,00(Qj)) A(t)^. 

On the other hand, for z G [—1,0], 

dzVtPix, ^) = J dlVtP{x, z')dz' 

= G{z) - G(-l) + J ^{Fo- aA-^P + ^Vd.vTP - -fd,'^P)dz'. 

From Lemma 4.8 in [32] and Lemma 7.3, we know that 

WaAVtP — dzT>tP P ldzPtP\\L\{-l,0\H-^) PPriW^x,zPtP\\L2i^'^ 

<iL^(l + [[ Vx,p'ulll,oo(f2j)) A(t), 

which along with (7.9) implies 


>' 2 PtPllj,oo(/Q.C--i) <Fv{^+ IIV: 




A similar argument leading to (7.6) yields 


ll^^’^^''^IIZ2(/i\/o;C"f) 

— -^p(ll^3:,y'''lll/°°(Ot) ll^a::t/'^llL°°(Dt) + ll^a;,p'y|lLoo(Qj) + \\^x,yPtP\\L'^(p.t'^ 

< K^{l + \\Vx,yV\\Loo(^Q^^i)A{t)‘^. 

Putting the above estimates together concludes the lemma. □ 
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Next, we give the estimates of Fq and Gq. 

Lemma 7.6. Let Fq and Gq be given by (7.7) and (7.8) respectively. Then we have 

ll-^o||yO( 7 ) + ||G'o|| 2 ;oo(/.B(^ j 

Proof. We can deduce from Lemma 2.17, Lemma 2.18 that for h < 0, 

which together with Lemma 4.4 imply that 


iFn' 


0 


V.T. ,P| 


11 V_7. ..n 


V,, ,r;|| 


- -i — -^^r? '' 31,17 ^ roo fQ. 1 ''ai,2:^ rooZ7.R0 


"LTihC^y 

Here we also used the fact that 

This gives the lemma by the definition of Yi(I). 

7.3. Sobolev estimate of the pressure. 

Lemma 7.7. Let Iq = [—^,0] and P be a solution of (7.1). Then it holds that 


IV.O-,P|| 


I Vx,2Pl ||^s_ 1 < K.qA{t) (II + 

|Va;,J/Pl(-, —1 )||h® < Kr^A{t) (||V3;^^f ||^„_1 + II 


'H’’+h 






)• 


Proof. Apply Proposition 4.12 with Fq = a{divldjV^) and / = 0 to obtain 


+ 


\jjs+^ \\'^x,zPl IIl“(r4x/i)) 


with Li = [—1,0]. By Lemma 2.11 and Lemma 4.4, we have 

||i^o||y.-i(^j <\\dividjV^\\L2^i.H--i) + Wioi - l)idivldjV^)\\L2^i.H--^) 


□ 


<Air,||5ir;J||^oo(5)||9j?;*||L2(/;R«-i) + C||air;J||2^(^^||a- l||i2(j.^^.-i) 
<K.fj ()\Yx,yv\ \LOO II Va;^2r;|| j;,2(7.jys-i) + || V3,^2^r;||||?7|| s_ i), 


which along with Lemma 7.1 and Lemma 7.4 gives the first inequality. 

In fact, the first inequality also holds with [a, 0] for a > —1 instead of Iq. This 
implies there exists G (—1, — 1 + /iq) so that 

||-Pi(-, 2 /o)lk'> < A',,A(t)2(||Va;,2?;||i2(7.j^s-i) + llhll^.+ i 


)• 
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Let 5i = R'^ X [—where yi < yo- Then the standard elliptic estimate ensures 
that 




I "H "2[Si)-' 


<KrjA{t) (II Va;,zU||£,2(j-.jys-l) + II Va;^jyU||^g_ 1 + 


'H’’+2 




which together with the fact that 


|V3;,/U|| , 1 , < -K'nl IIVx 2^11 1 _ + 


'H‘‘+2 




implies the second inequality by the trace theorem. 

7.4. Estimate of a. Recall that a{t,x) = —{dyP){t,x,ri{t,x)). 
Lemma 7.8. It holds that 


□ 


|a||^i < Kr,A{ty 


llAallfi^ 1 < + II^IIlj°(/;R^_;^))^(^)^' 

Proof. The first inequality is a direct consequence of Lemma 7.4 and Lemma 4.5 by 
using dyP = To show the second inequality, we write 

dta + Ty • Va =dy{dt + v ■ Vx,yP) - dyV ■ Vx,yP\y=y + (TV -V) - Va 

d,VtP d,v _ ~ I ^ -V)-Va 


dzP5 dzP 


dzps ’ dzP 


+ h + h- 

Using Lemma 2.10, Lemma 2.12 and Lemma 4.5, it is easy to show that 
l|-^l||_B^l — P^ri\\^zPtP\\Lf>{I]B^ 

< <^ll^llL“(/;B^,l)ll«llci> 

which along with Lemma 7.4 and Lemma 7.5 lead to the second inequality. 
Lemma 7.9. It holds that 

||a - l|Ls-i < KyA{tf{\\V^^^v\\ppj.ps-i) + ||r/|| 1 ). 


□ 


Proof. Note that o — 1 = -^r—dzP^ I Then we deduce from Lemma 2.11, Lemma 

OzPS ^\z=o ’ 


zp5 

2.12 and Lemma 4.5 that 

||a —1|| . 1 < K„(\\dzPi\\ 1 s 1 + Ik 

which together with Lemma 7.7 yields the result. 

8. Estimate of the velocity 

The velocity v satisfies 

^x^y'^ — ^x^y ^ OJ in 

v\y=y = {V,B), V\y=-l = {Vb,0). 






□ 


Here ui is the vorticity. 
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8.1. Sobolev estimate of the velocity. The following estimate is classical: 

1111 Hi (fit) - + ll(^)-^;H)llj^l)- ( 8 - 1 ) 

This together with Proposition 4.12 and Proposition 4.14 ensures that 
Lemma 8.1. Let Iq = [a, 0] for a G (—1,0). It holds that 

II < Kri{^\iy^ B ,Vh)\\H^ + ||w||^„_l^_^ + II V3;,j/U||2,oo(Qj) ||r7||^g_,_ 1 ). 

If s — ^ is an integer, we have 


|V3;,zu||^s_i < Kn[\\{V, B,Vb)\\H^ + ||a;||^„_i^-^ + ||Va;,yu||L°°(Dt)I 




)• 


8.2. The estimate of the irrotational part. The irrotational part Vir of the ve¬ 
locity is defined by 


f ^x,y'^ir — 0 i^ 

\ '^ir\y=ri '^ir\y=—l 0 * 

Lemma 8.2. Let = [“fiO]- holds that 

II Joo 1 

||Va;,2t>ir||2;oo(7Q.s(^ j + ||il|| h 1 (Dt)) ; 

where A{t) is given by (7.5). 

Proof. Let Ii = [—1,0]. It follows from Proposition 4.16 that 

||Va;,zt'ir|l2;oo(jg.cO) < -f^r;(||(C-B)||cl + W'^ x,zVir\\l<^ + I )) 

for any 5 > 0. Take 5 > 0 so that —(5 + | < —^. Then we get by Lemma 4.7 that 

x,yVir\\L^(n^) < -^7? II (C II • 

While, Proposition 4.18 implies that 

II ||2(2(/jy/jj.(3'-f ( — ^ri\\'^x,yVir\\L^(nt) — IKC 11^^ • 

This shows that 

\\'^x,z^r\\l^^j^.^C0) <i^r,(||(Ci?)llcl + ll(Ci?)ll^l) < K,A{t). 

Similar argument leads to 

||V,,,5rr|lzoc(,„;5^_^) <i^,(||(P,S)||B^_^ + ll(Ci?)II^P 
<'^7?(lbllL“(/;H^_l) Il'^II^^Pfit))- 

This finishes the proof. □ 
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With Lemma 8.2, we deduce from Proposition 5.4 and Proposition 5.5 that 
Proposition 8.3. It holds that 
\\R{rj){V,B)\\^^<K,A{t), 

\\R{r,){V,B)\\Hs-^ < K,{\\{V,B)\\^^_^ + Am 


8.3. The estimate of the rotational part. The rotational part v^j of the velocity 
is defined by 

^x,y'^u) — ^x,y ^ ^ in 

Vu}\y=ri — 0) 'I’a;|y=—1 — 

Lemma 8.4. Let Jq = [—f,0]. It holds that 


IV, 




x,zVuj\\x‘>-->-{[-lfi]) < + ||w||^„_i ,g-. + Amirflln^)- 


IV 




□ 


Proof. The first two inequalities follows from Lemma 8.2 and the fact = u — Uj, 
Then we get by Proposition 4.12 that 

||V,j,^^U(j||j,j.s-lQ_l^0]) ^-^r)(||Va;,yUaj||j;,2(Qj) + ||a; ||^,,_ 1 + \\V (^j^.Q0)\\'n\\H‘ 

which along with the first inequality yields the third inequality. 

Next we show that {dt + v- Vx,y)vLj — BtVij has the similar estimates. It is easy to 
verify that VtVi^ satisfies 

^x,y'Bt'^^u) ~ Gij in 12^, 

BtVu\y=y = 0, Vmy=-1 = (Vfe, 0). 

where I 4 = {dt + Vy ■ V)Pf, and 

Gu — Vo;,^ X T ^x^y * * ^x,y X u) T V X (ui * Vu^^) T ‘2di{^ 

It is easy to find that can be rewritten G^o = G^ + VzGIj where Gl^ satisfies that 
(by Lemma 2.13 and Lemma 4.3), 

11^0 II _|_ 11^1 II 


— (ll^3;,j/'^llL°°(Ot) + llVx.i/'i’ 


x,yV\\L°°{nt) ll^a;,J/'^<.^llL°°(Dt)) II ^11 


H‘’+^ 


T ( II ||l°° (Df ) T IIV^.i/U; 
+ II Vx,yU 11/^00 II Vx,2’i’tj 


x,yVuj\\L<=°{nt)) ) 




Lemma 8.5. It holds that 

II Vx,2^t'I’a;|l2;oo([_ ^ II(/;B^ j^)) ! 

\Wx,z'Bt'^i-i\\x‘-^{[-^,0\) — + II^IIl°°(7;S^ 

X (l|r/||^.+ i +||(P,i?,P5)||H^ + P||^._i). 
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Proof. Thanks to VtUJ = w • Vn, we get 

and by (6.3) and Lemma 7.2, we have 

Then it is easy to show that 
\\^x,yT^tVuj\\L'^{^t) <7L^(||^fc||^l + \\^x,yV 
<Kr,A{tf. 

Then a similar argument leading to Lemma 7.5 ensures that 

Let Iq = [—^,0] and Ii = [—1,0]. Then Proposition 4.12 together with Lemma 8.1 
and Lemma 8.4 implies that 

\\'^x,zT^tVui\\x‘>-^(Io) <Kv{\\'^x,yT^tVuj\\L^{nt) + HH^2) + HHL2po;H'’-^) 

+ x,zT^tVoj\\L°°{h-,c°)\\'n\\JJS+:^) 

<Kri[l + 1111 ^ 00 ( 7 . 5 ^ j) 74 (t)^ 






The proof is finished. 


□ 


9. Proof of break-down criterion 


In this section, we assume that ( 77 , v) is a solution of the system (1.1)-(1.5) obtained 
in Theorem 1.1 in = {{x,y) G x R : — 1 < y < r]{t,x)] for t £ [0,T]. We 
denote 

1 


A{t) — 1 + ||l^(i)||H/i-°°(Dt) + ll^(^)llHi(Dt) + lh(^)ll^3 + 
B{t) = 1 -h ||n||ioc(7.7j^^^). 


9.1. The energy estimate. We have the following basic energy law for the 
system (1.1)-(1.5). 

Lemma 9.1. For any t £ [0,T], there holds 

E{t) = E{0), E{t)^\\v{t)\\l,^^^^ + Ut)\\l,. 

Proof. By (1.1), (1.4) and integration by parts, we get 


A. 

dt 


Ut 


\v{t, x,y)\‘^dxdy = / dtr]\v\‘^dx + 2 / dtv ■ vdxdy 


/R'^ 


: / dtri\vfdx — 2 / [v ■ Vx,yV+ V{P + y)) ■ vdxdy 
4r4 Jnt 

■■ / dtr]\v\‘^dx— / V ■ n_|_(|np -|- 2r])y/l + \Vr]\‘^dx 

7 R‘^ J'R‘i 
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= - 2 


[ dt'n{t,x)r]{t,x)dx =[ \T]{t,x)\'^dx. 
jRd dt J^d 


This shows that 


Hence, E{t) = E{0) for t G [0,T]. 

Lemma 9.2. It holds that for any t G [0, T], 


d 

dt 


\'^x,yV{t)\\L2(n,) < Kr^{\\v{t)\\wi,^^^^)\\v{t)\\Hl{nt) + lhWII^§) 


Proof. Similar to the proof of Lemma 9.1, we have 


-f 

dt Juf 


\Vx,yv{t,x,y)\‘^dxdy 


/ dtr]\Vx,yv\'^dx + 2 dtVx,yV ■ Vx,yvdxdy 
jRrf Jnt 


I 

./r4 
- 2 


dt'n\'^x,yv\‘^dx - / V ■Vx,y\'^x,yv\'^dxdy 

J Ut 

/ {'^x,yV ■ Vx,yV + y(P + y)) ■ Vx,yvdxdy 


= -2 


i / {'^x,yV ■ Vx,yV + '^l^yiP + V)) ' Vx,yVdxdy 

J Qt 

^ 2|| Va;,j/I’ll Loo II Va;,j/'l’|| x,yiP “I" y)\\L^{Ut) II ||l,2 , 

which along with Lemma 7.2 yields the result. 


□ 


□ 


9.2. Energy estimate of the trace of the velocity and the free surface. Let 

us hrst present the lower order energy estimate. 


Proposition 9.3. It holds that 

A 

dt''"' ' 


(IK^j-®)ll^s_ 1 + IIHIIr'* + II^IIrO 


< KyA{tY[\\{V,B,V,)\\is + ||V,,,T||^^_i^_ 

Proof. Recall that r](t, x) satisfies 

dtr] + V ■ Vrj = B. 


|2 

'h'^+1 


Make energy estimate to obtain 

^^II^WIIr^ < - {{Dnv • Vt?), (Drrj) + ||R||R.||r/||^,.. 

We write 

{{DYiV • Vi?), {DYv) ={{DYiTv • Vr?), {DYv) + {{DY{{V - Ty) • Vr?), (71)^7?) 

={[{DY,Tv] • Vr?, {DYv) - {Ts7-v{DYri, {DYd) 

+ {{DY{iV-Tv)-Vr^),{DYv)- 

Then we deduce from Lemma 2.19 and Lemma 2.10 that 

{{DY{V • Vr?), {DYv) < C||R||H^i,oo||r?||2,. + R,||y ||^,. ||r?||H- 
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This shows that 

<K^A{t)(\\{V,B)\\l. + ||„||1,.). (9,1) 

Recall that (R, R, VJ,) satisfies 

{dt + V- V)B = a - 1, 

{dt + V- V)R + aC = 0, 

{dt + Rfe • V)Rfe + VP|y=_i = 0. 

In a similar way leading to (9.1), we deduce 

< C||(VR,VR)|U^||(R,R)||^^_i + ||a- ||R||^,_i 

+ \\aC\\^..i\\V\\^,_i+C\m\\L^m\ls + \\VP^^^^^ 
which together with Lemma 7.9 and Lemma 7.7 yields 

from which and (9.1), we deduce the proposition. □ 

Next we present the high order energy estimate. 

Proposition 9.4. Let U be a solution of (6.13). Then there holds 

< {if + f.)s-l/2, (AC/)s-1/2> + Kr,B{t)Aitf{\\DtUf^^_, + \\U\\jjs). 

Here we denote fg = {D)^f. 

Proof.lt follows from (6.13) that {L>tU)s-i /2 satisfies 

Dt{DtU)g_i /2 + r,AA-i/2 =[Dt, {Dr-^/^]DtU + [Tax, {Dy-^/^p 

+ if + fuj)s-l/2 — F- 

Taking inner product with iDtU)s-i/ 2 -, we get 

(A(A17).-1/2, (AC/).-1/2) + {TaxUg_,/ 2 , (A17).-l/2) = {F, (AC/).-1/2)- (9-2) 

By integration by parts, we get 

(A(AC/).-1/2,(AC/).-1/2) 

= \pt{(^i^)s-l/2, (At/).-l/2) - ^(V • R(At/)s-l/2, (At/).-l/2) 

+ {(TvV-V- V)(AC/)s-1/2, (AC/)s-1/2> 

- (At/).-i/2) - C\\V\P^^^\\DtU\\l^_., 

where we used the inequality 

IKA • V - R • V)(AC/).-i/2||l2 < c\\v\p^^^ IIAC/||^._1. 


(9.3) 
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Similarly, we have 
{TaxUs-l/2, {DtU)s-l/2) 

= ((WrvsWi/ 2 , (A(7).-,/2> + ((Aa - (t^)'I’^)Wi/ 2 , (AO.- 1 / 2 ) 

= ((rv^A-i/2,rvs(Af/).-i/2) + ({Aa - A-./2, (At/).-i/2> 

^ 2^i^AASAA-i/2,LAAA-i/2) - 2(^ ■ rr^A-i/2T^A-i/2) 

+ (rv^A- 1 / 2 , [r^(o)-i, Alt/) + (r^A- 1 / 2 , (A. V - y. v)r^i7,_,/2) 
+ ((Aa - (i’^)-r^)A-i/2,(At/),-i/2>. 

It follows from Proposition 2.6 that 

<(^aA - (ry^)*T^)c/.-i/2,(At/).-i/2) < cm|(V^)2||c/||h.||a^||^._i, 

{Tv^xUs-1/2, (Tv-V-V- V)T^,U,_y,) < 

We get by Proposition 2.21 that 

(rv^A-i/2.|r^(o)-f All/) 

< CMh\/^)(Mi{^)|A||B^^ + Mi(Av^))l|i/|||,.. 

This proves that 

{TaxUs-l/2,{DtU)s-l/2) > 2-J^{T^Us-l/2,T^Us-l/2) 

-C'||Pbi^^M|(v^)2(||17|||,. + ||AC/f^, i)-Mo^(AV^)||C/||?i. 

’ ri ^ 

-CMl{x/^f\\U\\HA\DtU\\^,_i. (9.4) 

By Lemma 2.19 and Proposition 2.6, we have 

m,{DY-^l^]DtU\\L^ < C||P||h/i,oo||AC/||^._i, (9.5) 

\\[TaxYDY~^^^]U\\L2 < CMl(aA)||C/||^,.. (9.6) 

2 

Then it follows from (9.2)-(9.6) that 

S «/ +A)a-./2.(AC/).-1/2) 

+ C(1 + l|r||Bi, „)(l + + Ml(a\)) (||Al/|l^._. + I|f/||?,.) 

+ CMl{DtV^)\\UfHs, 
while, by Lemma 7.8 and Lemma 4.6, we have 

M^{xUxY + M|(aA) < K,,A{tY, 

2 

Then the proposition follows easily. □ 
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9.3. Energy estimate of the vorticity. Using the equation (6.4), it is easy to see 
that the vorticity io{t,x,z) satisfies 


dt^ + v- • (Vu - ^d,v) + ^ F, 

OzPS O^ps 

where = {y^ v '^), = (a;^, • • • , a;'^) and 

^ - dtps - ■ ^ps)) ■ 

OzPS 

Proposition 9.5. Let s > | + 1 and s — ^ be an integer. Then we have 
d 


dzV 


Lemma 9.6. Let s > 1 + '^ 


]{= + +1 - )• 


We need the following lemma. 

2 . Then we have 

Vx,zV\\h^A(S) - ^v{MHS+t^^^+Bit)\\p\\Hs), 

L°°(S) — 


r.ooc.c'i ^ 


Proof. Thanks to the definition of v, it suffices to consider Let (/> = — 

dtps — ^PS- Let 2 = A + 5~‘^d1 and = (V, 5~^dz)- Using the fact that 


zPS 


= 25-^e^^\^\\D\p^ fr,, 


we find that 

- dtf, - Ai^zv’^ ■ Vps - • VVizPs - • V/, A 

together with the boundary condition 0 = 0 on z = 0 and z = —1. 

By (1.4), we have 

< C\\dtv\\Hs-i < C(||Vr 7 ||i^||U||^.-i + ||U||i^||r 7 ||^,. + \\B\\hs-i), 
which together with Lemma 2.13, Lemma 4.3 implies that 


• \ 




< Kr,{\\v\ 




1 _ + llul 




H' 


')■ 


Then Proposition 4.1 ensures that 


IVt ^d>ll „ 1,^, A A''?7(||'y|| 






(9.7) 


We write 


F —V" 

rrj,v — V x^z 


{vlyd+i-Vlzv'^-Vps + {T\^)f^) 
+ ( - dtf^ - ^izv’^ • Kz^Ps + V • TV,) 


=V'’ ■ + F^ 

x,z 7],v ' r],v • 


7*5 . 

X,Z 7]. 

By Lemma 2.17 and Lemma 2.18, we have 


\\Tvps'^i,zf^\\Lf>{i-,B%^y A 1711 °°(5)l|Vx,w||Lgo(j.B^ j, 

W^i'^X, Ps)\\Lf>{r,B^ y — 17||V3;,2U Voo(5)||Vp5 Voo(7.Be^^^), 
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for any e > 0, which gives 

The same estimate holds for (r;^,0)/r^. Hence, 

By Lemma 2.17 and Lemma 2.18 again, we have 

II^V« -A, < C\\Vx,zV 




S crh I 


II^V« ^'Wps^x,zV 


LUhBj^i) 

LlihB-jA ~ " ’ 


x,z^PSj'^x,z'^ ^llT2/r d“2^ ~ x,zV\\];^x,(^g-^\\^x,zPs\\l2(^j.^(jl+€y 


for any e > 0, which gives 




The same estimate holds for V • v^frj and dtfri- Hence, 

Then we apply Proposition 4.2 to conclude that 

Next we turn to the estimate of which satisfies 
'‘A'^x,z^zPs\‘^ dzfn 


(9.8) 


A'^ yd+i _ 






(dzps)^ {dzP&Y^'^ ' ’"^’""^dzps' ’ ’ dzps 

with V(i+i\z=o = 0 and Vd+i\z=-i = 0. By Lemma 2.13 and Lemma 4.3, we have 


? 7 ,H 


\G. 








\H‘ 


)> 


from which, (9.7)-(9.8) and Proposition 4.1, we deduce the hrst inequality. 
We write 


Gjj^v — 


f ‘^\'^x,z^zPs\ _ dzfr) \ ^ f ^ \ ^ A-L\7^ zh\ 

V (dzps)^ {dzpsr)"^^ ^’^^dzPS^ ^ ^dzPS 

5 


4- 

^7],v ' ^ x,z ^r},v 


Then a similar argument leading to (9.8) yields 


Then Proposition 4.2 together with (9.8) gives the second inequality. 


□ 










52 


CHAO WANG, ZHIFEI ZHANG, WEIREN ZHAO, AND YUNRUI ZHENG 


Now we are in position to prove Proposition 9.5. 

Proof of Proposition 9.5: Let A: G [0, s — ^] be an interger. Then we have 

= 2 ( - 

First of all, we have by Lemma 2.13 that 

ll^3;,2-^llL2(5) ^Krj\\V x,zV\\j^oo(g'^{\\uj\ 








) 


+ iLrj II Va;^2?;|l r,oo^<;^ 




Thanks to f ^ = 0 on 2 : = 0 and z = —1, we have 

- (div,,,TV^,,S, 

Then we deduece from Lemma 2.20 and Lemma 9.6 that 

X,z{'^ ■ '^x,z(^), '^x,z^) II L^(S) ll^ll^s--^/^, ll^XjZ'i^ll u-s-1 




+ C|| VX, 2 :'^^|| L°°{s) 11^1 




IIh* + ll^lP +1 - 

Summing up, we conclude the proposition. 

9.4. Nonlinear estimates. Recall that the nonlinear term / is given by 

/ = Dthi + {Tax - TaTx)U + [r„ A]C + A[A, T^]B - Tah2, 

where 

hi = {Tv -V)-VV- R{a, C) + T^{Tv - V) ■ VB, 
h 2 = {Tv - P) • VC + [T^, Tx]B + (C - T^)TxB + R{rj)V + CR{v)B 
Lemma 9.7. R holds that 


J- 


\\hi\\^^_i<Kr,A{tf 

Proof. It follows from Lemma 2.10 that 


H^-h 


||/ii||^._i <C||VP|U-||P||^,_i +C||a||^i| 


+ ii??iih0- 

|jys-i + RTj^ll VRilio 


■ 


which along with Lemma 7.8 gives the lemma. 
Lemma 9.8. R holds that 

llA/iilL. 1 < K^B{t)A{tf{\\{V,B)\\Hs + ||V,,,,T| 




'H^+^ 


)• 


□ 


□ 


Proof. First, we consider the second term of the hi. We denote dt = dt + V ■'S/ . By 
Lemma 2.15, we get 

||9tR(a - l,C)||^«-i < C’(||(9ia||Loc||r?|L.._^i + ||9*Cllf,->lla - 1| 


+ l|VP||L-(||a|| 




|^„+i + ||9tCI|L°= 


'H^-h 

Ho ||a||i,°° I 




.)• 


Using the fact that 

dta = Dta + {V - Tv) ■ Va, 

we get by Lemma 2.10 and Lemma 7.8 that 

||9t<2||L°° ^ ||Ar||l°° + l|P||||<^|| l°° ^ KxiB{t)A{t)‘^. 
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Note that dtC, = VB — W ■ Vry, hence, 

PtClIi- < Kr,A{t). 

Then by Lemma 7.8, we obtain 

|M(a- l,C)||^._i < Kr,B{t)A{tf{\\V,,,v 

which implies that 

WDtRia - 1, C)||^._ 1 <\\dtR{a - 1, C)||^._ i + C\\R{a - 1, C)||^i || l 




First, we consider the first and third terms of the hi. We write 

Dt{Tv -V)-VV = -[Dt,Tvv]V - T^vDtV - DtR{VV,V). 

By Remark 2.22, we have 

ll[A,rvu]F||^,_i <C||F||5^ +C||AVR||^_i||F||^^.. 

While, using the equation 

DtVV = VDtV - Tvu • VF = V(aC) + V(ry - F) • VF - Typ • VF, 
we deduce from Lemma 2.10 and Lemma 7.8 that 

IIAVF||^_i < Allall^i + CIlFf^i,^ < 

This shows that 

ll[A,Tvu]^||^.-i <C'||F||b^J|F||^,_i + K,A{tf\ 

We get by Lemma 2.10 that 

llTvyAFlI^^.i < C7 ||F||h.i.oo||AF||^,_i . 

It follows from Lemma 2.15 with u = V and u = VF that 

|AR(VF, F)||^,_1 ^CdAyFll^.! + piFlI^i + IIFII^I, 
<K^A{tf\\V\\Hs, 

which ensures that 




H= 


|AAVF,F)||^,_i < ||aiR(VF,F)||^,_i +||R(VF,F)||^1 




< Kr,A{tf 




Thus, we obtain 


IA(A - • VF||^,_1 < K,B{t)Aitf\\V\\Hs. 


We write 

AA(A - F) • VR = [A, A](A - F) • VR + AA(A - F) • VR 
In a similar way as the above, we can deduce that 

||AA(A • VR||^,_1 < AR(t)7l(i)dl (A A In¬ 
putting the above estimates together gives the lemma. 


□ 
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||(Ty-y).vc||^._i <c||c||^i 


Lemma 9.9. It holds that 

\\h2\\^^.. < K,B{t)A{t){\\{V,B)\\Hs + 
Proof. By Lemma 2.10, we get 

Ih^ < Kr) 

By Proposition 2.6 and Lemma 4.6, we have 

It follows from Proposition 8.3 that 

By Lemma 2.11 and Proposition 8.3, we get 


H=+h 


)■ 




< Kn\\B\\Hs 




\\CRiv)B\\^,_i <C\\R{v)Bh. 




+ C 7 ||C||L»||i?(r?)B|L 


j ) + ^(i)) (||-S||hs + 

By Lemma 2.10 and Proposition 2.7, we have 






\\{C-T^)T,B\\^^_^<CmBU 




— Rv\\R\\b 


00,1 ’ 


This completes the proof of the lemma. 

Lemma 9.10. Let fi = f — Dt[Dt,T(^]B. It holds that 
||/i||^._i < K,B{t)A{tf{\\{V,B)\\Hs + ||V,,,T 
Proof. By Proposition 2.6, Lemma 7.8 and Lemma 4.6, we get 






)■ 


||(r,A - r,rA)[/||^,_i <CMl{X)Ml{a)\\u\\Hs 


2 2 
<KMf' 


ll-^ \\H^ < Kr)^{t) \\{v, B)\\h’> ■ 

It follows from Proposition 2.21 and Lemma 7.8 that 

<KrjB{t)A{tf"-" 






By Lemma 2.10, Lemma 7.8 and Lemma 9.9, we get 

||Ta/l2||^,_l <C\\a\\L^\\h2\\^,_l 

<Kr,B{t)A{tf{\\{V,B)\\Hs + 

Finally, the estimate for Dthi follows from Lemma 9.9. 




)• 


□ 


□ 
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Next we estimate f^j = —TaRu, where R^j is defined by 
K ={dyvl - da^.vl • 

+ {uji4+i - dxjT]UJij + dxitldxjrjuj^d+i) \y^^- 

Lemma 9.11. R holds that 

\\L\\hs-i < K,A{tf{\m\^i + + M\hs). 

Proof. Let Iq = 0]. By Lemma 2.11 and Lemma 2.10, it is easy to see that 

(/o;CO) + lkllL°°(Dt))ll^llH=, 

from which and Lemma 8.4, we deduce that 

<Kr,A{t){\m^i + + I|r?||^,.). (9.9) 

Then the lemma follows from Lemma 2.10 and Lemma 7.8. □ 

Lemma 9.12. R holds that 

WDtUns-^ < KyB{t)A{t)W\{V,B,V,)\\Hs + ||r?||^,+ i + ■ 

Proof. Let dt = dt + V ■ V. Then dtRuj could be written as 

dtRuj =fi'i(Vr?)(5t + v ■ Vx,y)'^x^yVij + g 2 {y'r])dN'fNx,zVuj 

+ S'3(V?7)(5t + V • Vx,y)uj + 54(V7?)9tVr7a;|^^^, 
for some smooth functions gi{i = 1,2,3,4). Then it follows from Lemma 2.11 that 
ll^tIIT ^Xjy)^x,y'l^ijj\y=r}\\H‘’~^ T IK^t T ^ ' ^a;,j/)^|j/=?71|) 

+ ^viWi^t + x,y)'^x,yVoj\y=rj\\c° + IK^t + x,y)^\\L°°{nt)) ll^llj:^s+^ 

+ K-q\\d-t^ I/I|l°° (II^ x,yVu]\y=r}\\H‘’~^ T Il^ly=f7 IliL®”!) 

T Tfjy (II |y=r; ||l°° T ||^||L°°(f!i)) ll^t^^lliL'’"! 

+ 7f77(||Va;,j/'y(.j|j/=r;||l,°° + ||w||L°°(fJt)) ll^^Vr/H/.oo ||r7||^^_,_l . 

Let Iq = [—^,0]. By Lemma 2.11 again, we get 

II (<9t + n • x,y)'^x,yVuj\y=ri\\H‘’~'^ — ^rj ^|| Vxjz'Woj||x®“l(/ q) ll^ajjz'I’w ||l,J°(/o;L°°) ll^a;,2'I’||x®“l(/o) 

+ II V3;^2naj||^3_i^^^j ||Va;,j/n||j;,oo(-J7^) + II ||loo(-/jj.^oo) II Va;,yn||ioo('Qj) llr/ll/fa^ . 

Here = {dt + v ■ Vx,y)vu)- Using the equation {dt + v ■ Vx,y)^ = ^ ■ ^x,yV and 
Lemma 2.11, we infer that 

I|(<9t + V ■ Va;,j/)w|jy=7j||^„_ 1 < (II IIVa;,2n||xs-l('/(j) 

+ ll^a;,j/I^|lioo(f^j) llr/IlH®) • 

Using the equation (O^Vr/ = VB — VU • Vr/ and Lemma 2.11, we get 
||5tVr7||^.-i < B,(||(U,B)||h^ + ||VU||ic.||r7||j,.). 

On the other hand, we have 

II (^i T ^x,y')^x,yVu}\y=ri\\C^ 
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IK^i ' ^a;,j/)^|y=r;IIL°° ^ '^^7ll^3;,y'^||/^oo, 

\\dtVrj\y=jL.. <KJ{VB,VV)\\l^. 

Summing up the above estimates, we apply Lemma 8.4 and Lemma 8.5 to obtain 
\\dtR.\\Hs-i < Kr,B{t)A{tf{\\{V,B,V,)\\Hs + ||r?||^,+ i + ||5||^._i 
which implies that 

\\DtRu}\\H‘<-'^ <||9ti2(^||j7s-i + C'||i2(^||i;,oo ||y||j^s 

<K,B{t)A{t)^{\\{V,B,V,)\\Hs + ||r?||^.+ i + ll^ll^.-i (j))- 
which along with Proposition 2.21, Lemma 7.8 and (9.9) gives 
||71t/aj||_H-=-l ^\\[Dt,Ta]Ruj\\H‘>-'^ + ll^aTlti?!^ H/fs-l 

<K,B{t)A{t)^{\\iV,B,V,)\\H^ + hll^^^i + ||w||^.-i(5^). 

The proof is finished. □ 

Lemma 9.13. It holds that 

((/-)s-l/2,(At/).-l/2> < 

+K^B{t)A{t)^{\\{V,B,V,)\\Hs + M^.+ ^,+\m^^^^^ 

Proof. A direct calculation yields 

{iU)s-l/2, (AC/).-1/2) = - {ifu:)s-l/2, [Tv ' V, {Dy-^/^]U) + ((/.),_i/2, A?7.-l/2> 

= - {if.)s-i/2, [Tv • V, (Dy-T^p) + Us) 

-{[Tv V, {Dy-uyp, - {iDtP)s-i, Us) 

+ {{{TvVr +TvV){P) S-1/2J Us-l/2)- 
By Lemma 2.19 and Proposition 2.6, we have 

lllTy • V, {Dy-hp\\^, < C||P||^i,oo||C/||h«, 

IIITv • V, {Dy-"yp\\^_^ < ciipiIh^i.ooII/^iIh.-i, 

IKTy • vy+Tv • V)(^),_ 1 / 2||^_1 < C||P||h^i,co||^||^.-i. 

Then the lemma follows from Lemma 9.11 and Lemma 9.12. □ 

Lemma 9.14. It holds that 

{{Dt[Dt,TyB)^_i, {DtU)s-i/ 2 ) = ^ (^{ 9 s-i/ 2 j ^s-1/2) + 2 ffs-1/2)) 

+ K,B{t)A{ty{\\DP\\^V, + [[iV,B)[[Hs + ||V,,,T||^^^^^^,_i^ + ||r?||^,+ i)^ 
where g = [Dt,TyB and h = Dp — [DtPyB. 

Proof. A direct calculation yields 

{{Ut9)s-i/2i{UtU)s-i/2) = ((A5')s-i/ 25 ^s- 1 / 2 ) + ((-C>t5')s-i/2) fi's- 1 / 2 ) 

= -^{{gs-l/2ps-l/2) + 2 ( 5 s - 1 / 2 ) 5 s - 1 / 2 )) 
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-{[Tv V, + {9s-i/2, {DtrKv/ 2 ) 

- {[Tv • V, {Dr-^%,g,v/ 2 ) + l{iTv • Vy+Tv • V)gs-i/ 2 , gs- 1 / 2 ) 

~ ^ ((^^-1/2’^s- 1 / 2 ) + 2(fl'«-l/2’5s-l/2)) 

-ii[Ty-v,(z)rV2]^ii^2(ii/i||^,_i+ ii5ii^._i) 

It follows from Proposition 2.21 that 

Ilfl'IliL® < C'(||P||^yi,oo + IlDi^llLoo) ||I?||iLs < K^A{t)[[B[[Hs, 




from which, Proposition 2.6 and Lemma 2.19, we infer 

[[[Tv • V, {Dr-y^]g[y 2 < K.Aitym^v,, 

[[{{Tv • V)* + Tv • V)5.-i/2||l2 < Kr,A{ty[[B[ 

||h||^,_i < ||AC/||^._i + A^(t)||i?||^._i. 

We have by Lemma 2.19 and Lemma 2.10 that 

||(A)*hs_i/2||^_i <[[T>th[[Hs-i + ||[ry • V, (D)®“2]h||i2 + ||rv-y^s-i/2llL2 
<[[Dth[[Hs-i + CIlPlIwL^o ||/i||^^_i 
<[[Dth[[Hs-i+K,A{ty{[[DtU[[^^_,+[[B[[^^_,). 
While, by the equation (6.12), we hnd 

Dth = Dthi — [Dt, Talc “ TaDtC- 

Then we get by Lemma 9.8, Proposition 2.21 and Lemma 7.8 that 


llAhA.-i < Kr,B{t)A{ty{[[{V,B)[[Hs + + \\V 

This shows that 

II(A)A,_i/2|L 1 < K,B{t)A{ty{[[DtU[[ V + ||(P,i?)llH^ 


'H” 


“t“ 






J- 


J- 


Summing up the above estimates, we conclude the lemma. 

9.5. Energy functional. We introduce an energy functional £s{t) defined by 

£M =V(<)ll//.(n(.)) + IL(*)II«- + ll(LB)(*)ll„.-i + I|14{«)IIh. 

+ ll=(‘)ll„.-ip, + lir^C(f)||^._i + ||AC/(i)ll„..j. 

Proposition 9.15. It holds that 
[[U[[hs + [[{V,B)[[hs + 

Proof. It follows from Lemma 8.1 that 


□ 


(9.10) 


|^,+ 1 + < Kr,A{t) £s{t). 


K,A{t){[[{V,B,vy[[Hs 






)• 


This together with Lemma 9.16 and Lemma 9.17 yields the result. 


□ 
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Lemma 9.16. It holds that 

Proof. Recall that DtU = —TaC + hi + [Dt, Due to a > cq, we have 

C =T,-lTaC + (Ta-lTa - 1)C 
=r„-i {-DtU + hi + [Dt,Ti;]B) + - 1)C 

which along with Proposition 2.6, Lemma 9.7, Proposition 2.21 and Lemma 7.8 yields 
IICII^.-i < + K,A{tf{MHs + \\{V,B)\\^^_^). 

This gives the lemma by recalling C = Vry. □ 

Lemma 9.17. It holds that 

\\U\\hs + \\{V,B)\\hs <Kr,A{tf£s{t). 

Proof. Recall that U = V + T(^B. Hence, 

II^IIh^ < \\U\\hs + W^BWhs < Kr,{\\U\\Hs + ||S||^^.). 

So, it is sufficient to consider B. We have 

divH = divP + • VH + 

On the other hand, we have 
d 

divV = ^ div" + di'qdyv'-ly^^ 

i=l 

= - + Vt? • + d,Vi^d+lAy=y 

= _ g{7^)B - dyvt+^ + Vry • + d,r^u;d+i,i\^^^ 

a_g(i^)B + V^. 

Then we deduce that 

divt/ =divP + • VH + 

= - G{rj)B + V^ + T^-VB + 

= — TxB — R{r])B + 14; + • VH + 

= — TqB — R(j])B + 14; + ^divc*®’ 

where the symbol q = ^ — iC ' Thus, it follows from Proposition 8.3, Lemma 8.4 
and Lemma 9.16 that 

+ \\B{r])B\\j^s-i + || 14 ;||/^s-i + Ky\\B\\jja-i 

<\\U\\h= + KyA{t)[\\{B,Vb)\\H‘>-i + + ||7?||^„+i) 

<\\U\\hs + KyA{tf£{t). 

On the other hand, we get by Proposition 2.6 and Lemma 7.8 that 

<KyA{tnT^U\\^^_iJ+KyA{tnu\\^,_, 
<R,H(t)2||r^t/||^,_i +KyA{tn{V,B)\\^^_,, 
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from which and Proposition 2.6, we infer that 

<Kr^\\TqB\\jjs-l + \\{Tq-lTg - 1 )B\\h‘> 

<K^A{tf£s{t) + KjBn^i < Kr,A{tf£s{t). 

ri ^ 

The proof is finished. □ 

9.6. Proof of Theorem 1.3. We first recover the regularity of the free surface from 
the mean curvature. 

Lemma 9.18. Assume that the mean curvature a G n L^(R‘^) for some p > d. 
Then we have 

WvWm + lhll^2-| < C'dl^lluT I|V7 ?||loo, ||if||^2nLp). 

Proof. The estimate of ||? 7 || 2 _d has been proved in [32]. Let rj^ = d^r] and Ojj = 

c p 

(l + |Vr?|2)-2((l + |Vr?n<5,,. — diTjdjT]). A direct calculation gives 

djipaijdipi) = diH. 

It is easy to verify that the matrix (uij) is uniformly elliptic with the elliptic constants 
depending on ||V7 /||loo, which implies that ||Vry £||^2 < C'(||V77||loo)||1/||^2. □ 

Lemma 9.19. It holds that 

sup {A{t) + ||??(t)|| 3+,) < C{T,M{T), ||uo||hi(Do)’ 
te[o,r] ^ 

where C is an increasing function depending on h^. 

Proof. Recall that C = Vr/ satisfies 

(9tC + p • VC = VR + VP • C, 

which implies 

sup IIVr?(t)<C(r, M(T), II V7 ?o||l-), 

46[0,T] 

which along with Lemma 9.1 and Lemma 9.18 implies that 

sup (hWllH2 + ||hWL3_^e) <C{T,M{T),\\vo\\L 2 (no),ho\\H‘>). (9.11) 

te[o,T] 

By Lemma 9.1 and Lemma 9.2, we have 

^(II^IIhRoO + ll^lliO - -^’?(ll^(*)lliui’Oc(fi^)||u(t)||Hi(nt) + \\vit)\\j^3), 


from which and (9.11), we deduce the lemma. 


□ 
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Lemma 9.20. Let s > | + 1 and f S Then there holds 

< (^(l + ||/||v[/i.oo) ln(e + ||/||h-»). 

Proof. Given an integer N, we get by Lemma 2.2 that 

N 

j>-l j>N 

<C{N + 1)11/11^.1.00 + C 2(i+i)^||A,/||^2 

j>N 

<CiN + 1)11/11^/1.00 + C2-^(^-i-i)||/||j,.. 

Take N so that ~ l(i.e., N ~ ln(e + ||/||_hs)). Then the lemma 

follows easily. □ 

Now we are in position to prove Theorem 1.3. We denote 

Vt = V{T,M{T),\\Vvo\\l^) 

for some increasing function V depending on co,/io, which may change from line to 
line. By Lemma 9.19, and A{t) is bounded by Vt- By Proposition 9.15, we have 

\\U\\hs + \\{V,B)\\hs + ||r?||^,+ i + < PTSsit). 

We first deduce from Proposition 9.4 that 

^(llAt/||^._i + ||T^t/||^._i) < VTB{t)£,{tf + 2((/ + /^),_i/2, (At/).-i/2), 

which along with Lemma 9.10, Lemma 9.13 and Lemma 9.14 gives 

+ (5s-1/2 As- 1 / 2 ) + 2(5s-1/2)5s-1/2)^ < PTB{t)£s{t)'^, 

where g = [Dt,T(^]B and h = DtU — [Dt,T(^]B. By the proof of Lemma 9.14 and 
Lemma 9.11, we know 

{{f^)s-i,Us) < K,A{tf{\m^i + P||^._1 + 

(58-1/2As- 1 / 2 ) < PvM't)\\B\\jjs-^\\PtU\\^^_:i + KrjA{t)^\\B\\‘^^^_i, 

(5s-i/2) 55 - 1 / 2 ) < PriA{t)‘^\\B\\'^ I . 

H 2 

This shows that 

||AC/(i)||^._i + ||r^t/(i)||^._i < VT£s{0)+Vol^B{£)£s{£)d£ 

+ Pt(||( 1^, AWII^.-i + mt)\\H^ + ||Ai)ll^.-i(5) + Il5(i)k»)> 

which together with Proposition 9.5, Proposition 9.3 and Lemma 9.20 gives 

£s{t) <Vo£s{0)+Vt ['B{£)£s{t')d£ 

Jo 

<Vt£s{0) +Vt [ ln(e + £s{t'))£s{t')dt'. 

Jo 
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Then Gronwall’s inequality ensures that 

£s{t)<C{Es{0),VT). 

This completes the proof of Theorem 1.3. □ 


10. Iteration scheme and symmetrization 

We begin with the proof of local well-posedness from this section. We hrst establish 
the local well-posedness result for sufficiently smooth data. In the last section, we 
extend it to the low regularity data. Although there has been a lot of work [26, 31, 39] 
devoted to the local well-posedness of the Euler equations with free surface for smooth 
data, they do not work in the Eulerian coordinates and do not consider the case of 
finite depth to our knowledge. 

Theorem 10.1. Let d > 1 and s > ^ + 10 be an integer. Assume that the initial 
data {r]o,vo) satisfies 


rjo G VO G H%no). 

Furthermore, we assume that there exist two positive constants cq > 0 and ho > 0 
such that 


-{dyP){0, X, rio{x)) > Co for x G R'^, 

1 -|- r]o{x) > ho for x G R'^. 

Then there exists T > 0 such that the system (1.1)-(1.5) with the initial data {rjo,vo) 
has a unique solution {g, v) satisfying 

r, G C([0,r];R^+i(R'')), u G C^O,T]; 1/^(0^)). 

The proof of Theorem 10.1 is conducted in the following four section. In this 
section, we construct a sequence of approximate solutions by an iteration. The next 
section is devoted to the uniform estimates of the approximate solutions. The last 
two sections are devoted to show that the approximate sequence is a Cauchy sequence 
and converges to the solution of the Euler system (1.1)-(1.5). 


10.1. Iteration scheme. We construct the approximate solution by an iteration. 
Assume that the initial data (lyoj'Wo) is smooth. Assume that we construct a smooth 
solution {y^, B'^ ,rf‘, , 00 "^) and {Vfi, in n-th iteration. Here w” is 

a function defined in If” = {(x, y) : —1 < y < x)} and is a function defined in 

{(x,y) : —1 < y < x)}. We will construct the solution 

and ,By^, ,rfy^') in the (n -|- l)-th iteration by the following scheme. 

We still denote by Dt = dt + Tyn • V for the simplicity of notation. Let 

a^ = -dyPy=r,^, A" = A«), c = vy, cr = v<. 
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We first introduce the evolutional system on the trace of velocity and the free surface 
in the (n + l)-th iteration. 

' - R{C, a") + {Tv,^ - Vi) ■ VF”, 

DtB'^+^ = o" - 1 + (Tvn - V^) • 


[dt + • V)V'"+' = -vp"|y=_ 


( 10 . 1 ) 


DtC^^ = rAn(y"+i + + (Tyn - V^) • C + [TQr.,Txr^]Bl 

+ iC - + R{v'^)V{^ + CR{ri^)B^ + RZ, 

where RZ is given by 

( 0 ‘ =(B,i<y - - Br,n’idr,K)‘‘*') 

+ Wi.d+1 

Here vZ solves the following elliptic equation in 

J -A^^yvZ = '^x,y X w" in Of, 

Given we introduce a new boundary velocity 

defined by 


,, T/^+G 


+ ry„+i • v){yz^\BZ^^) = Dt{v^+\B^+^), 

[dt + • V) = -VP"|j,=_i, 


( 10 . 2 ) 


A key property is that (h^ ) has the same regularity as {j3i~\~T'Yn+i * v){vz^\bz^^) 

. While, [dt + Tyn+i ■ V) will lose one derivative. 

Given , we define by 


-Ar?”+i + = - divC+^ + 


where is determined by 


[dt + • VX+i = BZ^^ 


vZ^^\t=o = Vo- 


(10.3) 


(10.4) 


Given let = {ix,y) : —1 < y < ? 7 ”''“^(t,x)}. The vorticity in 

(n + l)-th iterative is given by solving the nonlinear vorticity equation in the known 


domain 


+ [{v^+^)’^ • V + (vZ^^y+^dy) 


^n+l ^ ^n+1 


v„, ,,n 


n+l 


x,y'J\ 1 


, ,n+l I — , , 

W lt=o— Wo, 


(10.5) 


where the velocity is given by 


- = Vx,y X a;"+i in ^2"+^ 


11^+1 I 


,=_i = (H"+\0), 


( 10 . 6 ) 
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and the velocity is given by 


- 


in 


<‘lr. = (V'w+'.O). 


(10,7) 


Finally, we need to construct the pressure P"+^ in a smoother domain = 

{{x,y) : -1 <y < <+^(t,x)}: 


-AP 


■n+l _ 




P 


'72+1 


_„.+!= 0, L=_i=-1, 


( 10 . 8 ) 


where the map and are given by 

:ix,z)GS^ {x,p^^\x,z)) G 
■■ {x,z) gS I —^ {x,pI^^{x,z)) G 

Here and with z) = z + {l + z)e^^\^\r]. 


10.2. Symmetrization. We introduce a good unknown 
It follows from (10.1) that 

DtU^+^ = h!l + [Dt,T^r.]B^+\ 

DtC^^ = Txr.U^^^+ h^ + Rl, 

where (/i”, /ig) is given by 

hi =(Tyn - H") . VV^ - i?(a", C) + {Tvr “ ' VH”, 

={Tv- - H-) . VC + [Tcr^,Tx^]Bl + (C - T^r.)Tx^B^ 

+ R{r]l)V{^ + Ci?W)H^ 

A direct calculation gives 

Djc^n+l ^ Ta^^^^n +1 ^ jn ^ jn ^ ^ jjjn ^ 

where (/f, f^, f^, f^, /”) are given by 

fl =Dt{{Tvp - VD • VC + [T^^,Txr.]Bl) + (Ta^x- - r^nT^CC+S 
=[Dt,Tx^]U^^^ +Tx^{hl + [A,Te]i?”+'), 

=(C - re)An A + (C - 

f2 =R{hl)Vl^ + T^r.R{yl)Bl, 

on _ T^n 

Jlj 

The local existence of smooth solution for the approximate system (10.1)-(10.8) can 
be proved by using the theory of symmetric hyperbolic system and elliptic equations. 
Here we ignore the proof. 


(10.9) 


( 10 . 10 ) 
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11. Uniform energy estimates 
11.1. Set-up. Throughout this section, we denote 

A = 5t + ry.-v, D^^dt + v^-v, + Vt^dt + v^-v^,y, 

where We denote 

Dt^dt + Tyr.+1-V, Df^dt + V^+^-V, • V, A = <9t + u”+i- 

where . For a function f{x,y) defined on {{x,y) : —1 < 

y < r]{x)"j, we denote f{x, z) = f{x, psix, z)), where psix, z) = z + {1 + 

Let A(* = 1) • ■ ■ j 6) be some constants determined later. Assume that there exists 
T independent of n determined later such that the solution in the n-th iteration 
satisfies 

HI. For any t G [0,T], there holds 

+ ||(t)“.t)r)(«)ll„.-. + I|5 "(*)II„.-h 5, < Ei; 

H2. For any t G [0, T], there holds 

(i)||j7s-l(5) + ||t” 

H3. For any t G [0, T], there holds 


H“(5) + 11“^ 


+||VP-(l-,-1)||^,_3 <A; 


+l|VP"(L-,-l)||^._i < A', \\v^m^s+^,<Eh 

H4. For any t G [0,T], there holds 


lA(Fl^ A)(t)ii^._3 + wdtp^m^^.s + iiAX 




+ + IIAt^ 

H5. For any t G [0, T], there holds 




< A; 


||(A(Fl^ A), AV^i)(t)II^.A + II^^V 

+ ||V9iP"(L-,-i)||^,_3 < A; 

H6. For any t G [0,T], there holds 

||8,(D,(U”,Bi“),Dfiyi)(i)||^._. + \\Sp, 

H7. For any {t,x) G [0,r] x R'^, there holds 

a^{t,x) =-dyP^l 
H8. For any (t, x) G [0,r] x R'^, there holds 

p^{t,x) + l>^, <(t,x) + l>y. 

The purpose of this section is to show that (H1)-(H8) also hold for the solution in 
the (n + l)-th iteration. 

In the sequel, we denote Ak = Ak (A, • • • j A) for /c = 1, • • • ,6, and Ps,rji ,-,% = 
Ps,rii,-,rjk (II^iIIh'>, • • • , 11%IIh'>), where.Afc and Pg^y^,... are some nondecreasing func¬ 
tions depending on co,/io and may change from line to line. We also denote by 




Y“-i([-i,o]) - 


Co 
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V{-, - ■ ■ , •) some increasing function depending on co,ho, which may be different from 
line to line. 

11.2. Energy functional. We introduce the energy functional defined by 

£^+\t) =^£^+\t)+£^+\t), 

where £i^"^{t) and £ 2 ^"^{t) are given by 

£^+\t) =iiAr+'k^-i + 




■ 


Using the equations, we can establish the following regularity information in terms 
of £'^^^{t) for the solution in the (n + l)-th iteration. 


Lemma 11.1. It holds that 


n +1 I 




Proof. We write 

_ rp _ rp _ pn-\-l _i_ (rp _ rp _-i Wn+1 

from which and Proposition 2.6, we infer that 


Iir+'IL.-I <-A2||r+^|| 3 +.A2||r^;;^C 


-^n+1 


n+ 11 


\H^ 


<A2£^^\t). 

Recall that satisfies 

-Ar]^+^+ r]^+^ = -divC+i + <+i, 

which implies that 

< IIC”+‘II„.-. + < A£"+‘(t). 

The second inequality follows from 
Lemma 11.2. It holds that 

<.Ai+.A4A+^(t). 

Proof. Recall that 

DtU^+^ + Tar^C^^ = h^ + [Dt,T^r.]B'^+\ 

By Lemma 2.10, we have 

11^1 

which along with Proposition 2.21 and Lemma 11.1 gives 

<.Ai+.A2||C+'||j 

<Ai+A4£^+\t) 




The proof is finished. 


□ 


( 11 . 1 ) 


□ 
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Lemma 11.3. It holds that 

ii(-Dr)V+‘ii„.-. <^3(l+^2”+‘(t))^ 

IIAC"+'II„.-} <^ 2 ( 1 + £■?+■(*)). 

I|8,V+'II„.-| < A(i + £2”+‘(*))’- 

Proof. The first two inequalities are obvious. Recall that 

DtC^^ = rAn(R^+i + + (Ty™ - V{^) ■ C + [Tc^,Txr^]B 

+{C - T^^)Tx^B^ + R{r,^)Vr + CR{r,^)B^ + R^. 

Then it follows from Proposition 2.6 and Proposition 5.2 that 

\\DtC^^\\^^_,<ArSl^+\t)+A2. 

For we get by the elliptic estimate that 

<C(|| 8 ,r+'ll „.-5 + l| 9 .ur'll„.-j) 

<.42 + 4i£'2”+‘(t) + C£'2”+‘(t)^. 

Using Proposition 2.6 and Proposition 11.7, we can also deduce that 

\\dtDtC^^\\^^_,<A,£:i+\t)+A^, 
which implies the estimate for 
Lemma 11.4. It holds that 

II(AU"+1)||^,_ 1 < .A 3 (1 + f”+^0), 

< . 43 , 

||(2DX"+'>AX7')II^»-3 <^ 2 , 
\mvr+\D,B^+^)\\^^_s<A2{l + Sr\t)), 
||(a,A(Ui"+\Rri),a*AV^+i)||^._3 < A,{l+£^+\t)). 

Proof. Recall that DtV'^+^ = DtV{^+^ and 

DtV^+^ = -T(^na^ - T„nC”+i - R{C, o”) + (Ty^ - Ui”) • VU”. 

It follows from Lemma 2.10 and Lemma 11.1 that 

||(AR"+\AU-+1)||^,_i <^3+^2||C+'||^.-1 <^3 + ^2^"+'(t). 


The proof of the other inequalities is similar. 
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11.3. Estimate of the velocity. In the sequel, we assume that (H8) holds for 
(^n+l^^n+l)^ i.e., 

+ 1 > y, x) + 1 > y. 

Recall that satisfies 


-A,^yV^+^ = V^,yXuj^+^ in 


o,ri+i I /T/n+i Dn+1\ _ /T/n+l n'l 

V \y^^n+i-[V j, V \y=_i-[V^ ,Uj, 


and satisfies 


- = V.,, X in 


x,y 


t ’ 


First of all, we apply Proposition 4.10 to obtain 

<P(£J+'(*))- (11-2) 

Similarly, we have 

< Vi£^+\t)). (11.3) 

A direct calculation gives 
f A^,yVtv^+^ = hZ+l in 

1 A <+'|,=-1 = 0 )’ 


where 


=V.,^ X Vti0^+^ - • V,,yW^+^ + 

+ 2divi^+^ -v^^ydiV^^K 

We can deduce from Lemma 2.13, (11.2) and (11.3) that 

<V{£l^+\t)). 

While, we know from Lemma 11.4 that 

||(AV'i”+‘,ABr',5‘Vi,”+‘)||^._. <yl3(i+£"+‘(‘))- 

Then we apply Proposition 4.10 again to obtain 

||V.,.A<+'|Ih-i(5) < V{A^,£^+\t)). 


Similarly, we have 




(11.4) 

(11.5) 


by noting that 


||(Af""+\ AA+\ aV"+')II^.- 3 < iP(A3, A+'(t)). 
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Using (11.2)-(11.4), we can deduce that 
Lemma 11.5. It holds that 




For defined by 


= V, 


X Ld 


n+l 


in 


^ x,y 

.+1 = 0, vZ+\=-i = (n^So), 


^ 'y=ri'{ 

we can deduce in a similar way that 






n+l I 




1 ,. ,^,,<V{A2,£r {t))^ 
2 ’ 


( 11 . 6 ) 

(11.7) 

( 11 . 8 ) 


by using the fact that 


bTrn+l I 


DK 


t *'6,1 


_1<^3, ||A'Ki+'IL._3 <.A2. 




On the other hand, we know that 

\ = 0, = ((A')'K:i^So), 


where 


=Vx,. X - V. • V. .0;’^+^ - V. • V. 


+ 25,• Vx.vdiv:!+^ 


'.,y^ V x,y^ '' x,y'Jaj 

A <^2 ’ x,yC'iV^ 

Using (11.4)-(11.7) and Lemma 11.5, we can deduce from Lemma 2.13 that 


||[A,,„ < ViAs,£^+Ht)). 

And by Lemma 11.4, we have 

<\\dtDtybTK^-^. + 

<V{A5,£^+Ht)). 

Then we can prove that 

Thus, Proposition 4.9 ensures that 


< V{A,,£-+\t)). 


(11.9) 
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11.4. Estimate of the pressure. Recall that the pressure satisfies 


P 


n +1 


y=r,n+l= 0, {dyP^+^) \y=-l= -1. 


Let 


_ pn+1 _j_ fQj. Q g ( — 1,0). First of all, we get by a similar 

proof of Lemma 7.1 that 


from which and Proposition 4.9, it follows that 

<iP(.42,£:"+'(t)). 

Similarly, we can deduce that 


n+ 1 1|2 






n+l ||2 _ '1 


( 11 . 10 ) 


( 11 . 11 ) 


These ensure that there exists yo € (—1, —1 + ho] (in fact, one can take yo > —1 + a 
with a depending on |L.._i) so that 


lA(-,yo)ll 




<P(.42.£"+‘(*)). 




Then by the elliptic estimate in the flat strip, we obtain 

>(Rrfx[-l,yo]) <'P{-^2,£2'^^{t)), 


IV P”+l| 

I v x,y-£^ 1 I 

IV P’2+11 




' 1 llJL®-i(R‘*x[-l,yo]) — "^(^2 (^))' 

Using Lemma 11.3, (11-3) and (11-4), we can deduce that 

mF\\Hs-2(s)<n^Z:£"^\t)). 

It is easy to show that 

Thus, we can deduce that 


( 11 . 12 ) 

(11.13) 


V.,AP’2+i| 


+ ||V,,,AP-+H-, -1)11 3 < V{A^,£^+\t)). (11.14) 


It follows from (11.10), (11.11) and (11.14) that 
Lemma 11.6. It holds that 

l|o"+‘ll„.-. <P(.42,P+‘(f)), 
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11.5. Estimates of the remainder of DN operator. In this subsection, we es¬ 
tablish some estimates for the material derivatives of the remainder of DN operator, 
which will be used to estimate K^. For this purpose, we assume that 77 is a solution 
of the following equation 

dtf] + V ■ Vry = B, 

where (V, B) = v\y=ri- Let Dt = dt + V -V and Vt = dt + v ■ Vx,y 
Now, we state the main result in this subsection: 

Proposition 11.7. Assume that rj, Dtrj, D^rj G for s > | -|- 5. Then it 

holds that 






where Vi(t) and V 2 {t) are given by 

V 2 (i)^P(||V,,,(F,^)(t)||^._i( 5 ),||(F,A^)|| 

Let 4>{t, X, y) be a solution of the elliptic equation 

/ii^x,y4> = 0 in = {{x,y) :-I < y < r]{t,x)} 

4 ^\y=ri(t,x) /) 4 ^\y=—l 0- 

Proposition 4.10 ensures that 






111177 '* ( 5 ) - 




We next establish some estimates for 'D^cj) for k = 1,2. 
Lemma 11.8. It holds that 




ii-Fr 2 


77'>-i(<S) 


-4). 




\\r?nH.-Hs) < + IIA/II„.-4 + 11/11 


77®“ 2 


'77®“:? 


'77®“?^ 


11(8, < P._. ,{||D,/||^._j + ||V.,.B(t)||„...,5, 




< P,-l,,V(t){||oi/||^._3 + ||D,/||„._, + 

Here V(t) = ||Vx,2^i7’(t)||jys-i(-j^). 

Proof. A direct calculations gives 

f I^x,y'T>t(l) =^x,yV ■ Vx,y4> + TS/x,yV ' ^l,y(t> = F, 

\ Vtf)\y=y = Dtf, 'Dt(l)\y=-l = 0. 

By Lemma 2.13, it is easy to show that 

ll-^ll77'*-2(5) — -^8-l,r?ll^3;,z'7’||jys-i(5)||</>||j^s(5y 
Then we deduce from Proposition 4.10 and (11.15) that 




77 ®“^ 


1 + II 


-h)- 


77 ®“^ 


(11.15) 


77 ®“? 


)> 

-h)- 


77 ®“? 


(11.16) 
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Similar, we have 




s-3 ) • 


-2,7'" - 

Then a similar argument of Proposition 5.2 implies the third inequality. 
By Lemma 2.13 again, we have 

II <Ps-l^r]\\'^ x,zV\\(S) 

+ Ps-l^n{\\'^^,^'^t'^\\H‘’-^(S) P ll^3:,^'*^ll/fs-2(5)) ll'^^ll 
This implies the second inequality. We also have 

II A-^IIh-s- 2(5) <-Ps-i,r)ll^a:,2'y||^s-i(5) II A</>||j^s(5) 


+-^s-i,r?(ll^a;,zA'y||jys-l(5) + l|Va:,2'y||^s-l(5)) ll</’ll//s(5) 




|V3:,2r’||^s-i(-5) (ll-^t/ll^s-^ + ll^3;,2'I'|liys-i(5) 


-h) 




+ -^s-i,r;(ll^^,^^i'*^lliL'>-i(5) + ll^a:,2'^llj:/s-i(5); lu "‘ 
Then a similar argument of Proposition 5.2 implies the last inequality. 


□ 


Lemma 11.9. It holds that 


3 + ||Zli/|| 3 ) 


|-f^t';^|2=o||^s-§ < -Ps_l^^(||V3;,z'y||j^s-l(5) 

|:d?^U=o||^.- 3 < P,_i,,V(f)(||/||^._3 + ||A/||„._3 + IIAVIU.- 3 ). 


H‘-^ 


H”-!' 


In addition, we have 


\DtVx,z4>\z=o\\^s-^ — '^s-i,T?,Dtr?(ll^3:,2'y||jy,>-l(5) 


^.-3 + ||A/||^.-3 




Proof. The first two inequalities follows from Lemma 11.8 and the fact that 

D’;^\z=o=^ckU=o. 

The last two inequalities can be deduced from Lemma 2.11, Lemma 11.8 and the 
formulas 

AV^| 2=0 = P>N(l)\z=0 + Ptdy(j)\z=o'^'n + 92 ;<^| 2 =oAV 77 , 

Dtdz(j)\z=o = Ptdy(p\z=oil + 1] + ^{Dlv) + dy4)\z=oDt{'n + '^l-^lh)- 
We omit the details. □ 

Proof of Proposition 11.7. We write 

DtPiiv)/ = [Pt,T(;iTA — T(:ia]4>\z=o + (T(^iPa — TciA)Pt4‘\z=o 

= {TdtCiPA + TciTdtA - Tat(QA))^U=o + [V ■ ^-.TciTa - 7cia]^|2=o 

+ {PciTa — TciA)^t</’|2=0- 

Using Proposition 2.6 and Lemma 11.9, and the following trick 


7(/ii^._5 < llAsll^.-i + 






we can deduce that 

IIA^i(h)/IL.-3 < n_i ,,I 5 ,,V(f)(||/|| 3 + IIA/II 3 ). 
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Similarly, we have 

The same estimates holds for DtR‘^{r]) by using the following type estimate 




3 < \\R{dtf, g) + R{f, dtg) + V • Vi?(/,, 




< C\\dtf\\^,_5 \\g\\^s-3 + C\\dtg\\^,_5 1|/||^._3 + C\\V\\^^_3 1 |/ 1 |^,_ 311511^.-3 • 

_2 

The estimates for D^R{g)f can be similarly proved by a very tedious computation 
with the help of Lemma 11.8 and Lemma 11.9. We omit the details. □ 

Applying Proposition 11.7 with v = and iV, B) = {V{^, B^), we deduce that 

Lemma 11.10. It holds that 

\\D]^R{v^){Vr,B'^)\\^^_s<ViE,,E2,E,), 

||(A“)^W)(^i",i?r)ll^.-3 <A. 

11.6. Energy estimates. 

Proposition 11.11. It holds that 

-,n+l 


UJ 


Ho-^iS) - 




fv{Au£^+\t'))dt\ 

Jo 


Proof. Recall that the vorticity satisfies 


• V + = 0;”+^ • 

|f=0= “^o- 


In terms of the (x, z) variable, we have 




' 72+1 


(11.17) 


where 


-n+l ^ ((^+ 1 )/* 


^^P5,rj^+^ 




Vi 


^ (~n+l)h . d,El) + 


^T+Lii - n~n+ii 


L riy'' 
1 








By Lemma 2.13, it is easy to see that 

By Lemma 9.6, we have 

IIVx.zU +S-1(5) ^ )+'>-1(5)' 

Then by a similar proof of Proposition 9.5, we deduce 

+'>-1(5) —’^s-i,:,75;‘+i)+'>-i(5)- 
This together with (11.2) and (11.3) gives the proposition. 


r,7+l 


(11.18) 

□ 
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Proposition 11.12. It holds that 

||(yn+l^ 2 jn+l -i/n+l 


+IIC 


n+1 


H‘-^ 


< (||(Po,i?o,H,o)||^.-i {l + £^+\t'))dt' 




Proof. It follows from Lemma 11.4 that 


1 d 


rn+l I 


25"'" "L-J + 

+ {{Dy-^Tyr. ■ 

We write 

{{oy-^Tv^ • {Dy-W^+^) 

= {[{Dy-^,Tvn • V]P”+\(Z1)"-3P^+1) _ ^^^j^y-^yn+1 ^ 

by Lemma 2.19, which is bounded by 




This shows that 
d 




Then Gronwall’s inequality ensures that 


IP' 


n+1 


1 < 
- 


1 + As J\l + £^+\ty )dt'y^^K 


The estimates for the other terms are similar. 

Similarly, we can prove by Lemma 11.4 and Lemma 11.3 that 
Proposition 11.13. It holds that 

/■n+1 rjn+l T/n+1 


□ 




< {\\{Vo,Bo,Vk,o,Vo)\\^s-^+Asl\l+£^^Ht'))dt')e^fo^^^^^^^ 

Following the proof of Proposition 9.4, we can deduce that 

Proposition 11.14. It holds that 


75(«"‘f 


n+l ||2 


<- 44(11 Acr’^^ii^s-i + 

+ ((/r+ f2 + A/s" +A/r+ A/:)s-i, (AC"+').-i). 

11 . 7 . Nonlinear estimates. Recall that 

/r = A((ryn - Pi") • VC" + [Ty,TxyB^) + {Tanxn - TxnTayC^\ 

Lemma 11.15. It holds that 
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Proof. We write 

- V^) • VC = -[A, Tve] • + Tve • DtV^ - DtR{VC, vn- 

It follows from Proposition 2.21 that 

||[A,Tve]-^i"||H-i <C{E, + ECm\H^-i <.A4. 

And by Lemma 2.10, we get 

IIAe • AFi”||h-i < CA||Af^i"||H-i < A- 
By Lemma 2.10 again, we get 

\\DtR{VC,VC\\H^-i C\mdtC,VC\\H^-i + \\R{VC,dtVr)\\Hs-^ 

+ \\Tvr.-VR{VC,VC\\H^ <M. 

We write 

A[Te, =[Ta^r,Txr^]B^ + [r^, + [ic-AA-lAi^r 

+ [Tv^ ■V,[T^n,Tx-]]B^, 

which along with Proposition 2.6 and Corollary 2.9 gives 

\\Bt[T(^n,Tx^]Bi\\Hs-i <.44. 

The proof is finished. □ 

Recall that 

=[Dt,Txr^]U^^^ +Txn{C + [A,re]A+i). 

Lemma 11.16. It holds that 

<B{E,,E,,E,){l + £^+\t)), 

IIA/2"II^.-3 < A(l + A+i(i))- 

Proof. The first inequality is obvious. We turn to the second inequality. It follows 
from Proposition 2.23 and Lemma 11.2 that 

<A5{l + £^+Ht)). 

We write 

DtTxn{h^ + [A,Te]A+i) =[a,Ta"](/i? + [AAelA+i) 

+ Ta^ (A/i? + A[A, Te] A+ 1 ), 

which along with Proposition 2.21 and Proposition 2.6 gives 

+ IIA'iTII . 1 + IIAB”+'II . ■)• 

Similar to Lemma 11.15, we can prove that 

\\Dthn^,_s<A,. 

This together with Lemma 11.4 gives 

IIATa-K + [A,Tc]A+i)||^,_ 2 < A(1 + A+\t)). 

Putting the above estimates together gives the second inequality. □ 
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Recall that 

/3 = (c - + (r - 

Then we can deduce from Proposition 5.2 and Lemma 11.10 that 
Lemma 11.17. It holds that 

||/3"llH=-i<-4i||r?"||^,., ||/3"||^._i < .As, 

iiA“/rii^.-3 < viE,,E2,E,), ii(iir)Vrii^.-3 < a. 

Finally, we have 
Lemma 11.18. It holds that 

< viEuE2,E,), < a. 

11.8. Completion of the uniform estimate. Let 

£o —ll^^o Ao-i(5) + \\'no\\^s+^ + lbollj:^s+i + II AC(o)IIh'=-i + ll^^/siQ:iiCollH=-L 

which is bounded by P(||r/o||^ 3 +i )(||uo||^,+ i + ||r/o||^,+ i )• 

Let us first assume that there exits a maximal time G (OA] so that the solution 
satisfies 

£Ht)<Vo, £lit)<Vi. (11.19) 

for k = 1, • • • ,n + 1 and t G [0,Tji) and some Vo,Vi determined later. Under this 
assumption, we will verify (HI) — (Lf8) for the solution in the (n + l)-th iteration. 
Moreover, we will show that 

A+HO < Y’ ^ T- 

which implies that r„ = T by a continuous argument. 

Obviously, we can take Ei = Vi. If satisfies (H8), then we deduce 

from (11.3), (11.6), Lemma 11.6 and (11.12) that 

||Va;,^A(t)A._l(5) + ||5S+^(t)A.(5) + ||o'''^Hi)ll^s-3 

+ ||VP"+i(t, •, -1)||^._3 < P(Tr'(i)) < C{Vi) ^ E2. 

This in turn implies that we can take Ti small enough depending on ho, Pi, £^2 so 
that for t G [O, min(T„, Ti)), 

rr+\t,x) + l>^, rjl+\t,x) + l>^. 

By Lemma 11.6, Lemma 11.1 and (11.12), we have 

l|o"+"(*)ll„.-J + I|VF"+'(*,-,-1)||,,._3 < V{A2,£"*\t)) < C(P„,P,) A El 

ll>?”+'(*)ll„.*4 < ^2^”+‘{t) < A 2 V 0 A E|. 

Then we deduce from Proposition 11.11, Proposition 11.12 and Proposition 11.13 
that 

£^+\t) <(£^+\0) + As V{£^+Ht’))d£y^^*+^ 
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which ensures that we can take Vi = 2Ci8q and T 2 small enough depending on Vq 
so that for t S [O,min(T„,Ti,T 2 )), 

C”+’(«) < y. 

By Lemma 11.4, Lemma 11.3, Lemma 11.5 and (11.8), we have 

< P(. 42 ,£?+"(())< C(Pi) = B4. 

By Lemma 11.4, Lemma 11.3, Lemma 11.6, (11.4) and (11.14), we obtain 

+ ||(5r)\rni)ll^.-i < ViA^,£^^\t)) < CiVo,Vi) ^ E,. 

While, (H5) and the initial conditions (1.7) ensure that there exits T 3 small enough 
depending on so that (H7) holds for t G [O, min(T„, Ti, T 2 , T 3 )). 

By Lemma 11.4, Lemma 11.5 and (11.9), we have 

< P(A5,B”+'{t)) < P(A5 ,Bo) = Ee. 

To complete the proof, it remains to prove the first inequality of (11.20). We know 
from Proposition 11.14 that 

< a4{iiac”+‘iiL-. + iiciiL-j) 

+ ((/i” + /? + AA + A/4” + 0 .- 1 . (AC”+‘).-i). 

By Lemma 11.15, we have 

((/r),_i, (Ar+').-i) < AiiAr+'iu-i. 

We write 

((/2”).-i. (Ac”+').-i) =((/2”).-i. i(o)‘, o,]r+')> + ((D,)-(/?)._i. (c”+‘).-i) 

+ ^((/ 2 ").-l.(C”+‘).-l>, 

from which. Lemma 2.19, Lemma 11.16 and Lemma 11.1, we deduce that 

((/ 2 ”).-i.{B,C"+').-i>= 4 ((/y)._,,(,;n+i)._,) 

+a2{ii/2”ii„,_, + iia/2”II„.-0IIC”*‘ii».u 

= ^((/ 2 ”) 4 -i.(C"+').-l>+A/”+‘(i). 
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In a similar way, we deduce from Lemma 11.18 and Lemma 11.17 that 

= ^((Dr/i‘).-i.(c”+').-i)+.4 s£”+'(«), 

We write 

((D,/3”)._i,{Ar+’).-i> = ([(d>*-',ai/3",(ac”+‘).-i)) 

+ ((/a”).-!, {A)*(AC”+‘).-i) + (AC"+').-i>, 

which along with Lemma 2.19 and Lemma 11.17 gives 

((a/3").-i, (Ar+').-i> =|((/3 (Ar+').-i) 

+ -42||/3"II^.-1 (||Ar+'llL7=-i + 

=^((/ 3 -),_i, (Ar+').-i) + + ^5. 

Putting the above estimates together, we obtain 

1^{IIAC”+'II1-. + IT^r+'lll.-.) < A£”+'(«f + A 

+ ^({/2”).-i + (/a")--! + W/n-i + (OM).-i. (C”+').-i>. 

Integrating in t and using Lemma 11.16-Lemma 11.18, we deduce that 

IIAC+'III-I + < r{£o) + Ae [\l + 

Jo 

+ 'P(A, A, A) + -4i||AIIh» + 

ti 2 

< iP(A) +P(A, A, A) + A(i + Po)'t + 

This implies that there exists T 4 > 0 depending on Vq, Vi so that for t G [0, min(T, A)] 
with T = min(ri,r 2 ,r 3 ,T 4 ), 

£^+\t) < iP(A) +7^(A, A, A) + A + \vo. 

Since A, A, A are independent of Vq, we can take Vq = 4(P(To) + PCA, Aj A) + 
a)- Thus, we deduce that for t G [0,min(r. A)], 

^n+l(^) < A_ 

V ; - 2 

This completes the proof of uniform estimates. □ 

12. Cauchy sequence and the limit system 

This section is devoted to showing that the approximate sequence constructed in 
last section is a Cauchy sequence. 





78 


CHAO WANG, ZHIFEI ZHANG, WEIREN ZHAO, AND YUNRUI ZHENG 


12.1. Set-up. According to the uniform estimates of the approximate sequence, we 
may assume that 




m) 




fc =0 


+ || 9 ^ < Bq 


Here and in what follows we denote by Vq a constant depending only on ||fo||H''>(Oo)’ 
llryoll s+i and /io,co, which may change from line to line. For a function f{x,y) 

defined on {{x,y) : —1 < y < ri{x)}, we denote f{x,z) = f{x,ps{x,z)), where 
ps{x, z) = z + {I + 

We introduce 


= S£«{t) + 6£^{t), 

where (t) and 6£n [t) are given by 

(i) = 11 (V" , , 6yn^ , , V ) (^ 11 f + 11 (^) 11 H'>-2 (5) ' 

Here Dt = dt + Tyn+i ■ V and we denote 6fn = — /"■. 

Throughout this section, we denote by = 1,2) some nonlinear terms, which 
satisfy 

\\Lnt)\\^..^-.<ro{S£At) + S£r.-^{t)). 

Using Lemma 2.10 and Proposition 2.6, it is easy to find that 

Dt{6yn^6B^^ = T” + L(( 5 an -1 ), 

Dt6(^n = L 2 + + Sf2-i 

' {dt + Ty^+i-V){6vr.,5Bf) = L^ + L{6an-i), 

{dt + ^ 

, (dt + = L-, 

where L{5an-i) is a nonlinear term satisfying 


\\L{San-l 




_3 < C\\5a_n-t ll^s 


and Lg is given by 


L" = (ii«) - + C{R{p^,) - R{prn)Bi + {K - R.)- 


12.2. Elliptic estimates with a parameter. In order to compare the solution of 
the elliptic equations in two different domains and with different boundary values, 
we consider the following elliptic equation in a domain U.r{t) = {{x,y) : —1 < y < 
p{t, t, x),x G R'^} with a parameter r G [0,1]: 


f A^^yv{T,t,x,y) = F{T,t,x) in Qr, 

\ v\y=y(r,t,x) = V(t, t, x), v\y=-l = V^{t, t, x). 


( 12 . 2 ) 
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In the sequel, we denote fr = drf{T,t,x,y). Then Vr satisfies 


^x^y'^r — ill 


'^T\y=ri(T,t,x) ~ dyVrjr: Vr\y= — 1 — . 

If {r], V, V^) and F satisfy 

ll»ll„.-i + IAII„.-5 + IIL*II„,-5 + IILII„...,5, < C, 

< C, 

r](T, t, x) + 1 > -^ for (r, t, x) G [0,1] x [0, T] x R'^, 
then we infer from Proposition 4.9 and Proposition 4.10 that for any a £ [—^ 
||Va;,27'T|lx<^([_ 1^0]) — ??r)||iL<^+l + II^^t ) ) 

Now we take in the elliptic equation (12.2): 

^ = r<+i + (l-r)<, 

V = + (1 - t)(V^, B^), 

V^ = T(V,^+\0) + (l-T)(Vfr,0), 

F = ^x,y ■ (Ta;"'+^ o + (1 — T)a;"- o <I>“^), 

where <I>(t, x, z] = {x, ps{t, x, z)) with ps{t, x,z) = z + {1 + z)e^^^^^p{T, t, •). 
that 


Vrdr, p^=6nn, 14 = = 5^yn 

J 0 

Then we can deduce from (12.4) that 

II ||j^s-2(5) FFo6£"{t). 

In a similar way, we can deduce that 

II II ^FQ5£n{t). 

Let uj{t, t, x) = o + (1 — t)w"- o and 

Vt = dt + o • Av^,y 

with A = ^. Then oj-r satisfies 

O ^IIh®-2(5) — 'Pods^it). 

This in turn implies that 

ll*^-^ lliL'>-l(5) P WiPt^r) ° ^IIh'>-2(5) — Pode'^{t). 

Similarly, there holds for 4,^-1, 

V(jj 


(12.3) 

(12.4) 

Notice 

,0)i 

(12.5) 

( 12 . 6 ) 

(12.7) 

( 12 . 8 ) 


(12.9) 
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11 ^, 




< VQ6£n-l{t). 


( 12 . 10 ) 


To compare the pressure, we consider 

-l^x,yP{T,t,x,y) = F{T,t,x) in 
P\y=r){T,t,x) 0 ) ^yP\y=—^ 

where r/(T, t, x) = tt]^ + (1 — and 

F = {{diiv,Tdj{viT) o - {Wr-^dj{v,T~") o o $-1. 
Then P-^ satisfies 

^x^yFj- Fr in H-r? 

TV |y=r;(T,t,x) dyP^Ti ^yFT\y=—l O' 

Thus, we can deduce by a similar proof of Lemma 11.6 that 

ll^a"-i||jys-5 + ||5 vP"-iL=_iII^s-§ < Vo5^u-i{t), 






a"-i||^s-5 < Vo6£n-i{t). 


\\hatP"-^y=-i\ 

To compare the remainder of (DN) operators, we take in (12.2): 

rj = rrj^ + {1 - V = V’^ = 0, F = 0. 

Then Vt satisfies 


( 12 . 11 ) 

( 12 . 12 ) 

(12.13) 


^x^y'^T — 0 in Hr? 
ly=r;(r,t,3:) dyVTJ-^ 


=-^ = 0 . 


^T\y=—1 


Notice that 


WDtVr 


|^._3 < Vo6,n-^{t), \myvr\\^^_, < Vo6en-i{t). 


Here Df = dt + H” • V. Thus, we can deduce from a similar proof of Proposition 11.7 
that 

11(72(0-i^W-l))(Pl^Hr.„^.__ 

\\DnR{vi)-Rivr^mvy,By 

ii(zir)^(W)-T 2 (o'))(^r>^R 


.-5 < Fo6g^-i{t), 


5 < Vo5gn-l{t), 


\jjs-5 < VoS£n-l{t). 


(12.14) 

(12.15) 

(12.16) 


12.3. Energy estimates. Following the proofs in section 11.7 and using the esti¬ 
mates in subsection 12.4, we can deduce that 

||5^n-l II//S-2 -|- \\Sj,n-l ||^s-§ ^ Foi^E'^it) + 5£n-l{t)), 

||(5jn-l II//S-2 < II//S-1 -|- 5^-n-l (t)) , 

||(5jn-l||^^_5 -h -f 11 1 11 5 < VQ[5^^-l{t) F5s^{t)), 

II ||^„-5 + ||(-D“)^(5jn-l ||^^_5 -I- ||(T1“)^0-1 ll^s-f <Fo[5s'^{t)+5£n-l{t)). 

By (12.14) and (12.9), we have 


\\Ll 


— Ff^dcn-l 

Co 


(f). 


We also have 


D^6(^n F Ta-n-Xnd^n — + T 4 , 


( 12 . 17 ) 
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where LJ is given by 

LI = U 2 + Dtfs+Dtf 2 +Dta - (/r^+A/ 3 "-'+A/r'+A/r')- 

For 5 ^, we have 

\\{dt + v^+^ • 

Making the energy estimates for the system (12.1), we obtain 


< Vo f {S£n{t') + 

Jo 

While, making the energy estimates for the system (12.17), we obtain 

<Vo f [S£n{t') + 6£n-l{t')) dt' + -5£n-l{t)‘^ 

Jo ^ 

+ Vo(y6£^{t)+5^n-l{ty) . 

Then an induction argument ensures that there exists T > 0 depending only on Vq 
so that for t G [0,T], 


5£n(t) —)• 0 as n —)• + 00 . 

This shows that the approximate sequence is a Cauchy sequence. 


12.4. The limit system. Let (l4,S,14,Fi, A, a;,u,ui,P) be the limit 

of the Cauchy sequence 


(F ,11 , Ff, , ,1^1, Fbi,C ,?? ,u j. 

Taking the limit for the approximate system (10.1)-(10.8), we obtain the following 
limit system; The boundary velocity (V, B,Vb} and C satisfy 

DtV = T^a + TaC + i?(C, a) + {Ty, - Vi) ■ VC, 

DtB = a-l + {Tv, - Cl) • VB, 

(9f + H-V)H = -VP|y=_i, (12.18) 

AC = Tx{V + T^B) + {Tv, - Cl) • C + in, Ta] A 
+ (C - T^)TxB + R{m)Vi + CR{vi)Bi + R^, 
where Dt = dt + Ty ■ V■, a = —dyP\y=rf, A = A(r 7 i), and 

{RuiY ={dy{v^y - da,j{v^y ■ Aai) + dxim{dy{vu;)‘^^^ - dxjmdxj{vuf^^) 


+ {uJi^+i - dx^m^ij + dximdxjVi^j^+i) |^=, 
with Vco given by 


y=vi 


( -Ax^yV^ = Vx,y X LJ in = {{x,y) :-1 < y < r]{t,x)}, 

\ V(jj\y=y, - 0, Vijj\y= — l - (Vf,,0), 

and (Ci,Pi,Cfeq) satisfies 


r A(Ci,A) = A(c,p), 

\ {dt + Vb-v)Vb,i = -vp\y=.i. 

(12.19) 

The free surface {r],r]i) satisfies 


-Ay + rj = - div C + rji, 

(12.20) 

{dt + V-V)m = Bi. 

(12.21) 
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The vorticity w satisfies 

dtU + • V + vf^^dy)uj = UJ ■ Vx,yVl, 

where the velocity (fjUi) is given by 

^x,y ^ ^ 

^ \y=Vl '^\y=—l ( 1 ^) 0 )) 

and 


( 12 . 22 ) 

(12.23) 

(12.24) 


^x,y'^l — ^x,y ^ ^ in 

yi \y=yi= {Vi,Bi), = (14^,0). 

Let llj = {(x, y) ; y = rj{t,x)}. The pressure P satisfies 

f - = (9j(ui^)9j(ui*)) o $1 o ($)-i in Qt, 

\ P \y=y= 0, dyP \y=-l= 0, 

where <l>(a:, z) = {x, ps,y{x, z)) and 4>i(a:, z) = (x, {x, z)) with ps,y{x, z) = zp (1 + 

z)e^^\D\r]. 


(12.25) 


13. From the limit system to the Euler equations 

The goal of this section is to show that the limit system (12.18)-(12.25) is equivalent 
to the Euler equations (1.1)-(1.5). 

First of all, it follows from (12.19) and the third equation of (10.1) that 

{V,B,Vb) = 

Hence, v = vi since they satisfy the same elliptic equation with the same boundary 
conditions. Thus, we deduce from (12.18) that 

'{dt + V- V)F = aC, a = VP\y=y, 

(dt + V- V)B = a - 1, 

{dt + Vb-V)Vb = -VP\y=.u 

Adt + V- V)C = G{pi)V + CG{pi)B + R^. 

For the free surface, we have 

{dt + V- V)yi = B. 

The vorticity ui satishes 

' dtui + V ■ V x,yUJ = UJ ■ V x,yV iu Qt, 

< ^x^y'^ — ^x,y ^ W in 

^ |y=r)i— {VjB'), V |y=_i— (14,0). 

It remains to show that 

y = r/i, Lo = Vx,y X V, divu = 0. 

For this end, we introduce 

G = Vt + V- Vx,yV + {'Vx,y{P + PV)) O 4 >, 

Saj=uj-uJ, dd = divv, (5^ = C-Vyi. 

where uJ = ^x,y x v and 4> = $ o (^ 1 )“^. 

In what follows, we denote by L(-) a linear function, which may be different from 
line to line. 


(13.1) 

(13.2) 

(13.3) 

(13.4) 
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Lemma 13.1. It holds that 

^{x,y) = {x,h{x,y)), 

where h{x, y) satisfies 

- y)\\m{nt) ^ C\\r] - r/i||^3. 

Proof. Let ^^^{x,y) = {x,z{x,y)), i.e., 

y = z(x, y) + (1 + z(x, 

Hence, we have 

$(x, y) = (x, z(x, ?/) + (1 + z(x, = (x, h(x, y)). 

Using the fact that 

Vz(x, y)(l + + (1 + z(x, y))(Vz(x, \D\t]i + Vr/i) 

dyz{x, y){l + e'5"("-2^)l^lr7i) + (1 + z{x, y))dyz{x, y)e^<=^’y'l\^\\D\r], = 1, 

we deduce that 

V.,y{hix,y) -y) = - r^i), V(r 7 - 171 )), 

which implies that 

l|V..,(/! - s)ll„.(a) <C||e«'(-’'»llol(u - m)llH.(a) + - .,i)llH.(n,) 

The proof is finished. □ 

Let us first derive the equation of G. 

Lemma 13.2. It holds that 

f ^x,yG = L ^ x,ydd)^ x,y^d)^u}i^ x,ydu}i^ x,y(h y), V„, , 

\ G\y = y^ = 0, G\y=-l = 0. 

In particular, we have 

< C'(||(5rf,5^)||i2(f^^) + \\'Vx,y{h - y)\\m(nt))- 

Proof. Thanks to (13.3), we have 

^x,y'^t — ^ x,y ^ ^ x,y ^ ifi ' ^x,y^ CU * V x,yX^ • 

A direct calculation gives 

^x,y{y * ^x,yX^ — ^x,y ^ x,y ^ T Va:,ydiv(n * ^x,yX^ 

— ^x,y ^ ^x,y^ ^ ^x,yX OjSd'j 

+ Vx,y(djV^diV^) + Vj,,y(n • Vx,ySd), 

Using (12.25) and Lemma 13.1, we obtain 

Ax,j;(Vj,,yPo $) = -Vx,y(djV^diV^} + L(Vx,y(h - y),Vl yh). 

The first equation of the lemma follows by summing up the above equations. The 
boundary condition of G follows from (13.1). □ 
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Now we have 


Vt + V- Vx,yV + {^x,y{P + QV)) = G. 
Take the divergence to get 


(13.5) 


^x^y^d — divx^yG -\- L(^x,yih y)); 
which along with Lemma 13.1 and Lemma 13.2 implies that 

+ \\G\\H2{nt) + \\'^x,yih - y)\\m{nt)) 

+ \\r]-m\\^s). (13.6) 

Taking the curl to (13.5), we obtain 

d^LO T V * — UJ * ^x,y'^ T ^x^y X dr T Li^x^yi]^ ll))? 

from which and (13.3), we infer 

T ^x^y^Lj — ^uj * ^x^y'^ T ^x^y X dz T L{^x,yij^ H))* 

Then similar to (13.6), we have 

^ C'(||((5rf, (5a;)||^l(Oj) + 11^ — (13.7) 

Let Cl = Vr/i. By a similar derivation of (6.10), we get 
atCi + B • VCi = G{yi)V + Cid7(r?i)B + 


where Rzj is given by 

{RzjY ={dy{vujY - dx^{v^Y ■ dx^rji) + dxir]i{dy{vujY^^ - dx^mdxjiv^)'^"^^) 
+ {pi,d+l - dxjVl^ij + dxiVldxjm^j,d+l)\y=y^- 
Hence, <5^ satisfies 

dt5^ + V-V6^ = 5^G{rji)B + - Rzj. 

This ensures that 

On the other hand, we know 

-A{r] - rji) + (r/ - r/i) = div(C - Cl) = divJ^, 


which implies 


Then we deduce from (13.6)-(13.8) that 

+ 1111 Hi (fit) “ ^{W^dW'ii^int) + ll'^'^lln'TOt) + ll'^cll^d 

together with the initial condition 

<5(i|l=0 = 0, (5ajll=0 = 0, (5^|t=o = 0. 

Gronwall’s inequality implies that 6d = 0,5,^ = 0,(5^ = 0. This proves (13.4). □ 
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14. Proof of Theorem 1.1 

This section is devoted to proving the local well-posedness of the system (1.1)-(1.5) 
for the low regularity initial data. 

14.1. Construction of approximate smooth solution. First of all, we can con¬ 
struct a sequence of smooth functions ijq so that 

0 as n 


?o 


+ 00 , 


rj^ix) + 1 > -ho for x G R“. 


Let vo(x,z) = Vo o <P(x,z), where ^(x,z) = (x, ps(x, z)) with ps(x,z) = z + {1 + 
z)e'^^l^lr/o. Then we take a sequence of smooth functions Vq so that 




0 as n 


-|-oo. 


Let Vo{x,y) = Vq o y), where ^^{x,z) = (x,p^(x,z)) with pg{x,z) = z + 

(1 + . 

The pressure Pq associated with the initial data (uq,? 7 q) is defined by 

-A,^yP^ = di{v^yd,iv^y in o", 

Po\y=rio{P ~ ^y^o\y=-i ~ 

where Hq = {(x, y) : y = Po{x),x G R'^}. Then we can show that 

—>0 as n—^-hoo. 

This ensures that for n big enough, there holds 


—dyPy\ „ > -Co- 
y u \y=ri^ — 4 ^ 


Thus, we apply Theorem 10.1 to obtain a sequence of smooth solutions 
associated with the initial data {vq,Pq) on a maximal existence time interval [0,T„). 

14.2. Uniform estimates and existence. We denote 


(U^R") = = {vn%=-i 


We define 


def 


Ey{t)=y\{V-,B-,Vn{t)\\H^ + W 




The goal of this subsection is to show that there exits T > 0 depending only on 
Lis(O) and co,ho,s such that that for any t G [0, min(T, T^)), there holds 

E^it) < PiEM)- (14.1) 

Here and in what follows we denote by V an increasing function depending only on 
Co, ho, s, which may change from line to line. 

First of all, it follows from Proposition 9.3 that 


d 




n DnM |2 


\\vn\h + mh)<nE^m 


(14.2) 
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Next, we estimate the vorticity w”, which satisfies 

-'h 


dtUJ^ + v‘^ ■ = W”” • 

^zPs 


where = (y^, {v^d+i — dtPg — • Vp^)). By Lemma 9.6 and Lemma 2.13, 

we have 




Let and FI} be the extension of and to so that 


if: 


^H-’+^iRd+y - 

^ C\\F^ 


'h“+2(5)’ 


We define a;” to be a solution of the following transport equation in 

dtuH + vf ■ = F2, a;”(0) = ujI},,(x). 

It is obvious that cj” = w"' in 5 by the uniqueness of the solution. By a standard 
F ®“2 energy estimate, we deduce that 

— C'llUg llWg (f)||^„_l + ||Fg llj^s-^^pj^d+l)’ 

from which and Gronwall’s inequality, it follows that 


l^e ll-^e H (Rd+l) 




IIt?^II 1 
Jo = 


dr 


This implies that 


\\U]' 




which together with (14.2) leads to 


Ehit) < ElM + / V{E^{t'))dt'. 
Jo 


(14.3) 


Now let us turn to the higher order energy estimate. For this, we need the following 
refined elliptic estimate from [3]. 

Lemma 14.1. Let v G H^~^ 2 (^S) be a solution of the elliptic equation (f-U) with 
u(0) = /. Then it holds that for any u G [—|, s — 1], 

if it holds for a = 

Lemma 14.2. It holds that 

\\U^h^ + \\{V^,B^)\\h^ + 

\DtU' 


'H^+h 


<F(F-,)(||At/-||^,_i+||r 


v^^c"||^,..) + p(K,). 
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Proof. Step 1. Estimate for [/”. 

Let e G (0, min(sd, 1)) with Sd = s — ^ — 1. Applying Lemma 14.1 to P”, we obtain 
||V.,.LTllA-i([-i,o]) < A” = P^ + y- (14.4) 

Then we deduce from Proposition 2.6 and (14.4) that 

11^^® + II (^(Va"A")-l^(Va"A") “ 1)^ 


\U"'\\h‘ <\\T,/-jrYK\-iT/zTrTT;U'^' 


<V{E-,)\\T^U^ . +nEli)\\U 




which implies that 

WU^HS <V{E^,,)\\T^U^hs +V{Eli). 

Step 2. Estimate for if' 

By the proof of Lemma 9.16, we know that 

r = r(,.)-i( - DtU^ + hf + [A,Te]P") + (r(a^)-ira" - i)r, 

which along with Proposition 2.6 and Proposition 2.21 gives 


(14.5) 


iirii^.-i < v{Eii){\\DtUf\^^_i + + \\K 




nil _ 






CX3,1 


II 1-5 l|I^ II llJ^s-2 


a)- 


Recall that hf = (Tyn - E”) • VV^ - R{a^, C) + A" -V^)- VP". Then Lemma 
2.10 and (14.4) ensure that 

||A||^._1 <P(Pr,z)IA"llwLoc||(E",P")||^._i +P(Er,z)liril^.-i^ 

Recall that {dt + E" • V)C" = VP" — VE" ■’S/vf. Then we have 

WDtCmL^ < C||(E",P")||h.i.oc||AIIwi-- 


Thanks to s > 1 + |, we get by the interpolation that 


rn Dn\|| 2 e 




n DnM|l— 2 e 
Hs • 


||(E",P")||5i ^<\\{V\B' 

00,1 

Thus, we conclude that 

iir?"ii^.+i <p(pr,^(t))+p(pr,z(t))iiAt/”ii^._i +p(pr/t))iiE",p 

Step 3. Estimates for P". 

By the proof of Lemma 9.17, we know that 

divP" = -r,nP" - P(r,")P" + Vf + 

where the symbol < 7 " = A" — i(f ■ ^ and 

C = + V,”. v(i,'‘)i+‘L 


n -Dn\\l— 2 e 

HS . 


(14.6) 

(14.7) 

(14.8) 


By using Lemma 14.1 and following the proof of Proposition 5.4, we can deduce 
that 


||P(i 7 ")(E",P")||H»-i<P(Pr,,(t))||r?" 

l|Va;,2'ySllA:'>-l([-i 0]) - P(.Eg i{t)). 




(14.9) 


Thus, we infer from Lemma 2.10 that 

\\Tg.Bf\Hs-i <\\Uf\Hs + ||P(r7")P"||^.-i + \\Vf\\Hs-i + \\C\\c4B'^' 




<\\Uf\Hs+V{El4\f 




+ P(P",)||P"||^. 


(14.10) 
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Then Proposition 2.6 ensures that 

^\\{T(^qn^-lTqn — 1 )B'^\\h« + WTf^qn^-lTqnB'^WlJo 
<V{Eli)\\B^Hs-^+V{El{)\\Tq.B^\\Hs-. 


<V{E 


si) 




\H=-‘ 


+ \\U^Hs+V{Eli)U 




Step 4. Completion of the estimate 

Combining the estimates (14.12), (14.10) and (14.5), we have that 


'h‘’+^ 


< P(e;,)(I|A(/”II„.-. + +P(A”,). 

This also gives 

WV'^Wh^ <\\U^\\h^ + \\T(;nB^\\Hs 

<^(E.",)(IIAt/”ll„,-i + lirvi5jsC/”|l„._i) +P(A”.), 

which together with (14.5) and (14.12) gives the lemma. 

Proceeding the same way as in section 9.6, we can deduce that 

d 


dt 


_ 1 + IIT 






+ ( 9 ."- 1 / 2 .*;- 1 / 2 > + ^( 9 ,"- 1 / 2 .<- 1 / 2 >) < nK)- 


Here g'^ = [Dt,T^r.]B'^ and = DfU^ - [Dt,T^r.]B'^. 
It follows from Proposition 2.21 that 






< II + \\d,c\\l^ 

and we have by (14.9) that 

||/:il^.-i <p(A",;(t)). 

Plugging the above estimates into (14.13), we obtain 

llAt/"(i)||^._i+||T^[/-(f)||^^_, 

< v{Esio))+viE^^im\u^mH^+c{\\v^mBi^^, + 

+ C(||P’^(t)||^^_^ + ||Ar(i)l|L^)l|A(t)||^,_i ||AC/"||^._1 + 

which together with (14.6), (14.7) and Lemma 14.2 implies that 


IA 




(14.11) 


(14.12) 


□ 


(14.13) 


L-)^l|A(t)||^^_, 


fv{E^{t'))dt', 

JO 


E^,{t)<V{EM)+V{Eli{t))+ / V{E^{t'))dt'. 

Jo 

This together with (14.3) ensures that there exits T > 0 depending on A(0) and 
cq, ho, s such that for any f G [0, min(T, Tn)), there holds 

A"(t)<AA(0)). 

With the uniform estimates, the existence of the solution can be deduced by a 
standard compact argument. Here we omit the details. 
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14.3. Uniqueness of the solution. Let (r/^, v^,P^) and {rf 'be two solutions 
of the system (1.1)-(1.5) with the same initial data. Assume that the solutions satisfy 


sup {\\v^{t)\\ 
t&[0,T] 




.1 + + 






Here and in what follows, we denote by Vq a constant depending only on ^^(0), cq, Lq, s, 
which may change from line to line. 

We denote <5/ = /^ — /^ and introduce 


5e{t) = 5e,{t) + 5e,{t), 


where 5s-^ (t) and Ss^ {t) are given by 

In what follows, we denote by Li{i = 0,1, 2) some nonlinear term, which satisfies 

<ro6£{t). 

We denote Dt = dt + V'^ ■ V. 

Following the proof of section 12.2, we can show that 


I|A(^R„||h»-2 + \\{^R{ri){V,B)^^a)\\^a-3 + II^VPL^_i (i), (14.14) 

\\^rJ\h=-^ ^'Po^£2i't)- (14.15) 

With (14.14) and (14.15), we can deduce that 

Dt{6v, Sb) = Li, 

^ {dt + V,^-V)6v, = Lo, 

' Dt6^ = L2, 

^ Dt6u + Ta2\25u = Li + Ta 26 R^. 

The energy estimate ensures that 

\\DtSu{t)\\^,_3 + \\T^^^Su{t)\\^,_3 + \\{Sv,^B){t)\\^s-3 

+ ll(V„5^)(i)||H»-i <^o [ 6s{t')dt'. 

JQ 

For the vorticity, we have 

Using the fact that 

dsit) < Vo{d£2{t) + \\Dtdu{t)\\+ \\T,/^djj{t)\\^^_3). 

We conclude that 

kit) <Po f S£{t')dt', 

Jo 

which implies that Ss^t) = 0 for any t £ [0,r]. The uniqueness is proved. □ 
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